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ABSOLUTE STABILITY OF NONLINEAR SYSTEMS OF 
AUTOMATIC CONTROL 


V. M. Popov (Bucharest) 


Translated from Avtomatika i Telemekhanika, Vol, 22, No. 8, 
pp. 961-979, August, 1961 
Original article submitted January 17, 1961 


The problem of absolute stability of an “indirect control” system with a single nonlinearity is investi- 
gated by using a method which differs from the second method of Lyapunov. The main condition of 
the obtained criterion of absolute stability is expressed in terms of the transfer functioh of the system 
linear part. It is also shown that by forming the standard Lyapunov function -"a quadratic form plus 
the integral of the nonlinearity” it is not possible in the case considered here to obtain a wider stability 
domain than the one obtained from the presented criterion. Graphical criteria of absolute continuity 
are also given by means of the phase-amplitude characteristic or by what is known as the modified 
phase-amplitude characteristic” of the system linear part. 


In the present paper the absolute stability is investigated of nonlinear systems of “indirect control.” The ex- 
isting literature in this field (see [1] for example) deals exclusively with a direct application of Lyapunov's method, 
In this paper the solution is obtained by a different method, and this enables one to get new results. 


It is assumed that the reader is not familiar with the author's previous publications, Therefore, not only the 
most general results are given here but also a very simple example shall be considered, 


By using a new method the author has also investigated the absolute stability of other types of systems of dif- 
ferential equations (for example of the system of “direct control"), as well as of other classes of nonlinear functions 
(for example, of functions whose graph is contained within a sector). In all these cases the absolute stability of the 
system with several nonlinearities is also studied (the case of systems with many controlling devices). 


In his most recent papers now in press, the author has studied the stability in certain critical cases and also the 
stability of systems of differential equations with an “aftereffect”. 


1. Statement of the Problem 


Systems of “indirect control” are considered which can be described by the following system of differential 
equations: 





mm < 
—— = ); ante + big (6 (i= 4,2,...,m), 
= 2 x + big (8) (1.1) 
& — 9 (6), (1.2) 
o = >; ct: — 18, (1.3) 
l=] 


where az,» by, Cz,and y are constant, and ¢ (0) is a function of class A*, that is,a continuous function satisfying 
the condition 


g (0) =0 (1.4) 
and also the inequality 


*Ttis assumed that the quantity o« introduced in [6] Ye i ua It should just be mentioned that if o+ «0, the trivial 
solution of the system CL 3) cannot be asymptotically stable. 
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yg (0) o>0 for o#0 (1.5) 
The system (1.1)-(1.3) admits the trivial solution 
% = — =o =0, (1.6) 
whose stability is under investigation. 


It is assumed that the trivial solution of the linear system with constant coefficients 


dy, es 
Seen bats..m, 


k=1 (1.7) 


where a; , are the same as in (1.1),is asymptotically stable, or (which is equivalent) that all real parts of the eigen- 
values of the matrix (a7) are negative. The conditions are being sought which would be satisfied by the quantities 

aj k,biz,cj, and y in order that the trivial solution of the system (1.1)-(1.3) be asymptotically stable, whatever the 

function g (0) of the class A (in other words, a condition of asymptotic absolute stability of the trivial solution). As 
we know to achieve this,it is necessary that 


y> 0. (1.8) 
We shall therefore consider in the sequel the inequality (1.8) to be satisfied. 


2.Introductory Definitions. Formulation of Criterion of Absolute Stability 





Consider the functions ¥ jm (t) (1 = 1, 2,...,m; m=1,2,..., 1m), defined when t = 0, and being the solutions 
of the equations 


aWin(t) << L=1,2,...," 
lm ot Oe) 
dt *" 2 aan ) (in =1,2,..., ») (2.1) 
together with the initial conditions 
¥im (©) = 53m Cl =1,2,....m; m=l1, ere’ n), (2.2) 


where 6] = 0 when / # m, andé;,, = 1 when / =m. 
The functions ¥ 7, (t) form the fundamental system of solutions for the system (1.7). 


Let x; (t), € (t) be the solution of the equations (1.1)-(1.3)* * which satisfies the initial conditions x) (0) 
= xpg, & (0) = €,and let g [o (t)} be a function of t obtained by substituting the function o (t) = > c,2, (t)— x6 ( 


in ¢ (c) [see (1.3)]. 


As a solution of the system (1.1) we obtain 


ba nt 
#1 (0) =X Vim(t) emo 3) [Pim (t — 0) bao (6 (0) a 2.8) 


It follows from (1.3) that 


n t 
6(t)= 2 Hm (t) mo — |v(t —£) (0 (G)) dt —r8 (), (2.4) 
nates 0 





*lf y < 0, the trivial solution is unstable when ¢ (o) = ho, h>0.If y = 0, the condition € (t) = 0 is not satisfied for 
all solutions of the system. 

* ¢ The existence of solutions is a consequence of the assumptions made in section 1, But their uniqueness is not 
assumed in the sequel. A solutioncan always be extended in view of the conditions for stability as formulated below. 
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tw 


ta 





where 


pm (t) = >) crtprm (E), 


I ; (2.5) 
v(t) = — 2 D ¢1'Pim (t) bm. (2.6) 
=1 m=1 


In agreement with our assumptions the trivial solution of the system (1.7) is asymptotically stable, and therefore 
two positive constants Ky and Ky can be found such that [see (2.1) and (2.2)] for all t = 0 the inequality 


| Pim (t) | << Kye—*, t>0 as ees (2.7) 


m=z i,2,...,8 


takes place. 
Therefore, for v (t) [see (2.6)] the inequality 


|v(t)|< Kye (¢>0), (2.8) 


is valid where 


Ky =X lel D | Ks 


l=} l=1 


We note that in view of the inequality (2.7), the Fourier transform of the function v (t) given by the formula 


N (jo) = \ e-iety (t) dt = (j= ¥—9). (2.9) 


must exist. 


We introduce the function 


G(jo)=N jw) + ie (2.10) 


which shall be called the transfer function of the system linear part (see Appendix 1). 
Now the following theorem can be stated. 


Theorem, If a nonnegative quantity q exists such that for all real w the inequality 


Re (1 + jwg) G (jw) > 0, (2.11) 


takes place, then the trivial solution of the system (1.1)-(1.3) is asymptotically absolutely stable provided the assump- 
tions made in Section! remain valid. 





*ReX (or ImX) denotes the real (or respectively, imaginary) part of a complex quantity X. 











3. Proof of the Theorem in Section 2 





Consider again the solution x; (t), & (t). o (t) of the system (1.1)-(1.3) as well as the function ¢ (0 (I )), cor- 
responding to it. For any positive quantity T we define auxiliary functions 


@(o ()) for OSA <T, 
Pr (2) = ‘¢ for t> T, (3.1) 


t 
Ar (t) = — \y (¢—Qor Q)a—gq (or (0)d5—giv(0) +7) or (2), (3.2) 


where q is the quantity occurring in the theorem, and v (t) 1s given by the formula (2.6); it follows that {see (2.2)} 


Vv (0) = — > c,b;. (3.3) 


l=1 


It can easily be seen that the function d- (t) is bounded for all 0=t=T. Whent > T, the inequality (see 
Appendix 1) 


[Ac(t)| << Kye-Ht (Ka >0, #>T), (3.4) 


takes place in which Kg is independent of t. This guarantees the existence of the Fourier transform 


Lr (jo) = ( e-i*!0.- (t) dt. (3.5) 


There exists also the transform 


Fr (jw) = \ e-'gp (0) dt. (3.6) 


In view of (2.6), (2.1) and (2.7) the Fourier transform of the function dv (t)/ dt exists and can be written as [see 
(2.9)) 


fos] 
\ e-tat 2 dt = joN (jw) — v (0); (3.7) 
=’ 


Therefore , by taking the Fourier transform of (3.2) [see (3.5), (3.6),and (3.7)] we obtain 


Lr (jw) = — [(1 + jog) N (jw) + 97] Fr; (jo). (3.8) 


The following function of T is introduced: 


p(T) = dr (Or (0) at. 3.9) 





i 





The Parseval formula can be applied in (3.9) because the function gy (t) is continuous for 0 = t <= T and it 
yanishes fort > T, and the function AT (t) is also continuous for 0 = t = T, and fort > T the inequality (3.4) takes 
place. We now obtain 


o(7) =~ \ Lr (je) Fr Gu) do, (8.10) 


where Fy (jw) is the conjugate complex of F7(jw), 


By replacing Ly (jw) by (3.8) in (3.10), and by taking into account that 


Fr (jw) Fr Go) = |Fr (jo) |*, @.11) 
we obtain 
p(T) = —— | | Fr (jo) |*1(1 + jog) N (ow) + gr) do. 
—co (3.12) 


By comparing their real parts we obtain 


o(7) = — 5. | Fr (jw) |? Re ((1 + jog) N (jw) +97] de. ase 
Observing that [see (2.10) and (2.11)] 
Re [(1 + jwg) N (jw) + or = Re (1 + jog) (N(jo) + x) = Re (1 + jog) 6-(jw) > 0, (3.14) 
gives the inequality 
p(T) <9, (3.15) 
By substituting (3.1) into (3.9) we obtain 
T 
p (7) =\ Ar e(o() dt <0. (8.16) 
0 


By substituting the expression for yy (t) into (3.2) and by applying the formula (2.4) as well as the formula 


Si mY sme — | PERO 96 () a — 19 0) + 11 OO) 7) 








easily following from (2.4), we obtain within the interval 0 = t= T 








Ar) =0() +g —— 9 + EM 2 (+m (9 dhe eraes ) mo + (3.18) 


By substituting this expression into (3.16) we obtain 


861 


























T T 
eo) 0 a+ale (6 (0) at + 1lo@Mewae 


=% 





“2 mo ( (Hm (O+¢ jo (o (t)) dt < 0. (3.19) 


Each term of the expression (3.19) shall be considered in turn, For the first term we have the inequality [see (1,4) 
and (1.5)) 





T 
= 0. 
Je@meMac <i 
The second term can be rewritten with the aid of the identity 
( d 
t 
\ 9 (0) SO dt = F(T) — Fo), 
0 (3.21) 
where 
F (o) = \e() do. 
0 
In the case when g (oc) belongs to the class A [see (1.4) and (1.5)], the condition 
F(o) 20 (3,22) 


is fulfilled, with the equality only taking place when o = 0. As q is nonnegative, one has, of course, the inequality 


— aF (o (T)) = 0. (3.23) 
| The third term can be rewritten as follows [see (1.2)}: 
) T 
| Jeo) & (0a = {40 Ed => (N-+B. (3.24) 
ry ry 
| As y > 0 [see (1.8)] we have 
) 
| — > 1 (1) < 9. 


As far as the remaining terms are concerned we note [see Appendix 3] that there exists a positive quantity K, 
such that the inequality: 


te fi ) (3.26) 


T 
Vem +9 —F a —) 9(6() at |< = K, sup (E(C)| @#=1,2,... A). 
9 


takes place. 


Using the identities (3.21) and (3.24) as well as the inequalities (3.26), one is able to rewrite the inequality 
(3.19) as 








1.4) 


6) 












T 
\ (0 (0) o (0) dt + oF (0 (T)) + 4-78 (7) 
—Kq max (| %mo|) sup] § (0) < 9F (6 (0) + 5 183 (3.27) 


We shall show that the trivial solution of the system (1.1)-(1.3) is stable. To this end we combine the inequali- 
ties (3.27), (3.20),and (3.23) 


: i 
71 (T) — Ke max (| tmo]) sup JE 0)|<aF (6 (0)) + 18 (3.28) 


Let t be an arbitrary positive quantity. The inequality (3.28) is valid for any T > 0. In particular, (3,25) re- 
mains valid for T (t) such that the inequality 


O=T(Kst (3.29) 
takes place, and also the equality 
T (t)) | = su ; 
18 (7 () | = sup} & @)| a. 


Such a quantity T (t), of course, exists. It is easy to see that in view of (3.29) the inequalities 


1€ (7) | < sup|& (|< sup | & (|. (3.31) 
O<t<TiN) <tc! 


take place. 
By comparing (3.31) and (3.30) we obtain 


lIE7M |= sup | E(t) |- 


(3.32) 
When considering (3.28) for T = T (t) and by using (3.32) we obtain 
718 (T () —Kemax (| z0|)|8 (7)|— aF (@ (0) —F 1G<0. (8.33) (3.39) 


The polynomial of the variable |€ (T (t))| in the lefthand side of the inequality (3.33) has real roots of opposite 
sign, when made equal to zero. The inequality (3.33) is equivalent to the inequality 


|& (7 ()| <—-Ke max (| tno) 


m==1,2,...9% 





+AY RY (max (\tmad)*+ Algo +5 1). (3.34) 


which is valid for all t > 0. 


One can find two positive quantities Kg and K, [see Appendix 4] such that for all t > 0 the inequality 


{2 () | < Xs mak (| Zao) + Ke sup |€ (C)}. 
M=1,2,....% o<t<l 









By applying (3.30), (3.34), and (3.35) we finally obtain 


IEMI<= Kemax | (|2mo|) + 


: ‘ VX fax | (Zmo|))-+2y (gF (6 (0)) + + rt), (3.36) 





[7 ()|<(Ke++KiKy) max (| mol) 





(3.37 
+4 KeV Ke (max (| 2n0)))+ 2 oF (o(0) +578 ) 


Let € be an arbitrary positive quantity. There exists than a 5>0 such that when | x79|< 6 and |§| <6, the 
righthand sides of the inequalities (3.36) and (3.37) are less than €? and therefore the inequalities | x, (t)|<«€ and 
|& (t)|< € take place. Consequently, the trivial solution of the system (1.1)-(1.3) is stable according to Lyapunov. 
Moreover, it follows from (3.36) and (3.37) that all the solutions of the system are bounded, This implies that all the 
solutions of the system (1.1)-(1.3) can be extended for allt > 9. 


It shall be shown now that the trivial solution is also asymptotically stable for any y (c) of the class A. We 
combine for this purpose the inequalities (3.27), (3.23), and (3.25): 


T 


Je W)o() ade < Ke max (| zm) sup | (C)|+ OF (6 (0)) + $78 (3.98 


By making use of (3.36) 


T 


\ @ (5 (2) o (t) dt < fi (mo, Eo), (3.39) 


where f; (Xpg. Eo) is a specified function of the variables x;y. and £9. 


Taking into account the reaction [see (1.1), (1.3)] 


eet -3 i. $-5 cr ( > ante + dip (s)) — r9 (6), (3.40) 


=1 k=1 


{in the above feemete X, and. satisfy the inequalities (3.37) and (3.36), o is determined by the equation (1.3) and 
gy (0) is a continuous function of 0], we obtain the inequality 





ST |< fs (moo), ead 


where f(Xmp». &9) does not depend on t. 
By using (3.39) and (3.41) we obtain [see Appendix 5] 


lim 6 () = 0 (3.42) 
t-co 





* Here we make use of Se fact that F (o (0)) is a continuous function of o (0), vanishing when o (0) = 0, and also of 
the equality o (0) = > CF ig—V bo [see (1.3)]. 
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lim 9 (0 (9) = 0. (3.43) 


because (0) is a continuous function. 


From (3.43) and from the equations (2.3) one obtains [see Appendix 6] 

lim z; () = 0. 

=. (3.44) 
The relation (1.3) implies [see (3.42) and ‘3,44)] 


lim & () = lim + % (t) — ot) = 0, (3.45) 
co =I 


The theorem has thus been proved. 


4, Comparing the Results with the Results Obtainable with the Aid of Lyapunov Func- 
tions of Known Kind 








It is of interest to compare the criteria (2.11) of absolute stability with the ones which can be obtained by con- 
structing a Lyapunov function of the kind described as a "quadratic form plus the integral of the nonlinearity” [6-8]. 
We shall show that the latter are included in the criteria of the theorem in section 2, that is, if for the system 
under investigation there exists a Lyapunov function of the above kind, then a nonnegative quantity q also exists such 
that the inequality (2.11) takes place. 


By differentiating the equation (1.3) we obtain a system equivalent to the (1.1)-(1.3): 


n 
dz, 


sz = Di Gute + big (0) (i =1,2,...,a), 
k 


i " A (4,4) 
s =>) (> Ante + byp(s) ) — TP (S). 


l=1 k=1 


It is shown in Appendix 7 that the most general form of a negative definite Lyapunov function which is of the 
kind described as a “quadratic form plus the integral of the nonlinearity” and which can be formed for the system (4.1) 
takes the form 


v-3 ¥ ornea—2(o~¥ cits) — 289 (0) do, (4.2) 


t=] m=1 l= $ 
with the parameters rg m,%, 8 satisfying the conditions: 


Tim= Tm, &>0,B > 0,a+6>0. (4.3) 


The derivative of this function which, in accordance with the system (1.4)* 


+ ce = W (2,6) = > > ZiTim (> GmeXe + bP ()) 


l=] m=1 k=] 


+ ayp (0) ( o — Dd, cx,) — a c z b — 
( 2 1 i) Bo (a) (2 (2 au r +h @ ()) 1? ()) (4.4) 
must be positive definite for all functions y (c) of the class A, and in particular when 


* We note that ai (o _ > c; z)= — VP (9). 
l=} 











yg (oc) = ho, h>0, (4.5) 


By putting (4.5) in (4.4) we obtain a quadratic form of real variables x; and o which must be positive definite, 
This implies that for all complex values of xj and o not vanishing simultaneously the inequality 


Re (5; > Tiron See + bho) + axha( 0 - 3 eit) 


l=1 m=1 k=l 
— pho (2 C1 (> A,2_ + bho ) — rho > 0,: (4.6) 


is valid, the quantities X; and 3 being conjugate to xy ando. That this is so can be seen by putting in (4.6) xz = y 

+ i’; »,O =p + jv, with u; , vz, ",and v real; the left-hand side of (4.6) assumes the form § (Wo (uz y) + Wy 
(vj , v)), where Wg is the quadratic form (4.4) with gy @)=ho. Thus, if uj, vz ,4,and v do not vanish simultaneously, 
we have the inequality (4.6). 


The inequality (4.6) is satisfied in the particular case of 


wat 
z= M, (jw) (0 == 1,2,..., n), (4.7) 


where M; (jw) satisfy the system of simultaneous equations 


joM, (jo) = >) auMy(jo) +b, (1 =4,2,...,m), 


k= (4.8) 


The system (4.8) has a uniquesolution for any real was according to our assumptions (see section 1) the matrix 


(a; ,) has no purely imaginary eigenvalues. 


By taking Fourier transforms of the system (2.1) including (2.2) we obtain 


JOP {im ()) = 2) aunF Wem (+ Sim (Hei ™.), 


k=1 m=1,2,....” (4.9) 
where 
F (Pum (t)} = | €-¥ pam (0) dt. 
0 (4,10) 
By comparing (4.9) and (4.8) we obtain 
M (jo) = >) F {Pim (t)} bm = >; \ €-i#tAb ren (t) Bat 

m= m=1 § (4.11) 

Substituting (4.7) into (4.6) and using the relations (4.8) we obtain 

Re {2 2) Mi (Fe) rimjoMm (jw) + ay (+ —> ciMitje) ) 
=] m=1 i=1, 
— (> cjoM (jo) — 7 i> 0. (4.12) 
t= 





5) 


ite, 


6) 


Dusly, 


1) 


8) 


0) 


2) 





But Gee (4.11), (2.6), (2.9)) 


2 eM; (jo) = Dy > { eI Vin (t) bmdt = —{ e—iuty (t) dt = —N (ja). (4.18) 
=1 = m=1 9 Py 


In view of tim = tml. we haves 


Re > > Mi, (jo) rim joMm (jo) = Re ra o> (1 Ge) Ma (jo) 


[=1 m=1 l=] m=1 


+ M;, (jw) Mn (jw) rim } = 0. (4.14) 


The inequality (4.12) can therefore be rewritten as 


i + Re (ay + jo) N (jw) + By > 0 (4.15) 
or [see (2.10)} 


“T+ Re (ay + jwB) G (jw) > 0. (4.16) 


The above consideration remain valid for any real w. Thus,it has been shown that for a Lyapunov function of the 
considered kind to exist it is necessary that the inequality (4. 16) be valid for all h>0O and for any w. 


If a # 0, [see (4.3)] and thus if ay >0 [see (1.8)], from (4,16) must follow the inequality 
Re(1 + jos )@ (jw) > 0. es 


Indeed, should the inequality (4.17) be invalid for some w = We, then a positive quantity h exists such that the 
inequality (4.16) will not take place for w = Ww». The necessary condition (4,17) is identical with the inequality (2,11) 
ifq=B/ay>0. 


If a = 0, we obtain from (4,3) and (4,16) the inequalities 


B > 0, (4,18) 
Re jwG (jw) > 0. (4,19) 


We shall now consider certain properties of the function N(jw) [see (2.9)]. The function N(jw) is a continuous 
function of w in view of the inequality (2.8). By the Riemann-Lebesque Lemma 


lim N (jw) =0 
| @ |-+00 (4,20) 


Therefore, there exists a positive number P, such that for any w 
ReN (jw)>~ P;. (4,21) 


By the Riemann-Lebesque Lemma we also obtain* * (see (3.3)) 


: in jwN (jw) = v (0) = — Dy cri. (4,22) 


*We note that Im (M, (j@) M,, (jo) + M, (jo) M,, Go)) = 0. © dy (1) 
* *From the relations (2.6),(2,1) and(2,7) it is easy to find that the integral 5 |S | dt must converge, 
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It follows from (4,21), (4,22) and (2,10) that 


Re G (jw) = ReN (jw) > — Pi, (4.23) 
lim joG Yo) = lim jo (ja) + 7 = — D> ci + 7 >0. (4.24) 
@ |-0o @ |+0o I=) 


The latter is a necessary condition and can be obtained from (4.6) and (4,18) by putting x; = 0, 0 = 1/h, a 
= 0, It follows from (4,19), (4,24), and from the continuity of the function G(jw) that a positive quantity P, can be 
found such that for any real w the inequality 


Re jwG (jw)> Ps. (4,25) 
takes place, 
By multiplying the inequality (4.25) by 2R/ P, and by adding the result to the inequality (4.23), we obtain 


Re(1 + 25+ jw)G(jo) > — P, +2P,>0. (4,28) 


The latter implies that the inequality (2,11) is valid (as a strong inequality) when q = 2P,/P, >0. 


Thus it has been proved that the inequality (2.11) suffices for the trivial solution of the system described in 
section 1 to be absolutely asymptotically stable and also to be a necessary condition for the existenec of a Lyapunoy 
function of the considered type. 


Remarks, (1) In order to construct a Lyapunov function of the “quadratic form” type (that is of the kind as in 
(4,2) with 6 = 0) it is necessary that the inequality (4,17) bevalid with B = 0, that is that 


Re G (jw) =0 (4,27) 
for any real w, 


The condition (4,27) is sufficient for the absolute asymptotic stability of the trivial solution of the system under 
investigation, as in this case the inequality (2,11) occurs for q = 0. 


(2) Most of the Lyapunov functions so far constructed in [8] are of the kind as in (4,2), with a= 0, That is 
why it is necessary that the inequality (419) be valid; the latter is also sufficient for the absolute stability of the 
system trivial solution. 


The condition (4,19) can also be written for any real positive w as 
Im G (jw)< 0, (4,28) 
This follows from the relation [see (2.9) and (2,10)] 


Im G (ja) = —Im G (— jo) (4,29) 


and from the inequality [see (2,10), (3.7), and(1.8)]. 


(3) It would be interesting to find the general solution of the following inverse problem: If the condition (2.11) 
is satisfied is it always possible to construct a Lyapunov function of the kind as in (4,2)? For some relatively simple 
cases the answer is in the affirmative, 

5. Various Analytic and Graphic Forms of the (2.11) Criterion 


The function (1 + j wq)G(jw) can be written as 














25) 


2,11) 
ple 





(1 + jog) G (jo) = ae , (5,1) 


(see Appendix 1) with P (jw) and Q (jw) being polynomials of jw. The condition (2.11) can now be written as 


ReP(jo) Q(—ja) >0 (5,2) 


R(z) > 0, z =o’, (5,3) 


where R (x) is a polynomial of the variable x, The condition (2,11) is reduced, therefore, to a polynomial of x being 
nonnegative for x = 0, The solution can be obtained by using standard algebraic methods, 


An arbitrary nonnegative parameter q appears in the criterion, which can be selected in a suitable manner in 
every specific case,® The algebraic methods for obtaining the optimal values of q ate quite straightforward, 


The following graphical criteria of absolute asymptotic stability are of special interest in practical applications, 
The locus of the points (u, v) in the plane of (u, v) such that 


u (@) = ReG (jo), vo) = olm G (jw) (5.4) 


shall be called the “modified phase-amplitude characteristic" (M,.P, A.C,). Directly from (2,11) we obtain the in- 
quality 


u(w) + gr(w) > 0, g>0, (5,5) 


which means that the M, P.A,C, is in a half-plane, 


A graphical criterion (Fig, 1). If there is a straight line situated either in the first and the third quadrants of the 
(u, v) plane or it is the ordinate axis* *, and in addition it is such that the M.P.A.C. is “on the right” of this straight line, 
then the trivial solution of the investigated system is absolutely asymptotically stable, One may add that the 
M,P,A.C, is “on the right” of this straight line if any point of the M,P,A,C, is either on the straight line or it & in 
the half-plane bounded by this straight line and containing the point (+, 0),°*°*® 





ofan) oF vjeay 








\ uo) 
.P.A.C. 
or P.A.C. 











Fig. 1. Fig. 2. 
* We note that in the criteria (4.27) or (4.28) which described the results obtainable by the usual kind of Lyapunov 
function (see Remarks (1) and (2), there is no arbitrary parameter. 
**Such a straight line obviously passes through the origin. Its equation is of the form u+qv = 0 withq = 0, 
*** Or, otherwise, that the inequality (5.5) takes place. 












































ofan) or iP 
uj 
u(w) z[ , y) 
M.P.A.C. 
or P.A.C. gp) » IS“ 
Fig. 3. Fig. 4. 


The ordinary phase-amplitude characteristic can also be made use of in order to obtain simplified graphical 
criteria of absolute stability. 


The following graphical criterion is obtained from the condition (4.27). 


Simplified graphical criterion No. 1. If all the points of the ordinary (or modified) phase -amplitude character- 
istic are situated “on the right” of the ordinate axis, the trival solution of the system under investigation is asymptoti- 
cally absolutely stable. (Fig. 2) 





It is necessary that this graphical criterion be satisfied in order that a Lyapunov function of the “quadratic form" 
kind may exist (see Remark (1)). 


From the sufficient condition (4.28) of stability another simplified graphical criterion is obtained. 


Simplified grapical criterion No. 2.1f, when w>0, all the points of the ordinary (or modified) P.A.C. are situated 
in the thirdor the fourth quadrant or on the negative ordinate semi-axis, then the trivial solution of the system under 
investigation is asymptotically absolutely stable (Fig. 3). 





It is necessary that this criterion be fulfilled in order that a Lyapunov function6.3)with a = 0 may exist see 
Remark (2)]. 


We should like to mention that no simple method exists to express the general graphical criterion (Fig. 1) by 
means of the ordinary P.A.C. Knowing the ordinary P.A.C.,one is able to obtain the modified P.A.C. by multiplying 
the ordinate of each point by the corresponding value of the variable. 


6. Concluding Remarks 





The majority of the arguments developed in the preceding sections can be applied with practically no alterations 
to more general cases mentioned in the introduction,and results of similar nature are obtained. 


The fact that in the criteria only the transfer function of the system linear part appears, apart from the simple 
assumptions of section 1, seems to constitute the main characteristic of the achieved results. The latter need not be 
evaluated with the aid of the formula (2.9) but can be obtained by more direct methods which have been developed 
for linear systems of automatic control. The graphical criteria of absolute stability developed above are also applicable 
when nothing but its linearity and independence are known about the linear block of the system, its phase- amplitude 
characteristic being determined experimentally. 


The author wishes to express his thanks to the collective of research-workers in the field of ordinary differential 
equations of the Mathematical Institute of the Academy of Sciences of the Romanian National Republic, in par- 
ticular to Professor A. Khalan,for the interest they have shown and for their valuable remarks. 


APPENDIX 1 


The investigated system can always be represented in the form of a block diagram as in Fig. 4 where the lineat 
block is denoted by L, the latter described by the system of equations 


dz, 


n 
r= Ds tute + Oy (i= 1,2,...,), 


k=1 
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dt 


dt 
n 
q=— > ©,%, + TE. (1,1) 
t=1 


and N representing the nonlinear block. The input and the output quantities of the linear and nonlinear blocks are 
related by the equations 


Qz—S, emg. (1.2) 


fos] 
Let z’ (t) be a known function such that the integral \ zo (t)| exists, and let L { z° (t) } be its Laplace 
9 


transform 


e L (2 (0) = \ e—*'20(2) dt, ~Res>0. a .3) 


ed «| 


Let further x’ j%) e° (t), n° (t) be the solution of (1.1) when z = z° (t) and when the initial conditions are all 
mn" nul, It follows from the assumptions in section 1 that L{x$(t)} exists at least for Re s = 0, and L {¢° (t)} and L {n° 
(t) } exist forRes > 0, 


Taking Laplace transforms of (1.1) we obtain 


n 
>. sL (2? (t)} = > aL (x? ()} + 0,0 {2° (}, Res >O (J =1,2,..., Aa). (1.4) 
er k= 


aL (&¢ ())} = Lis (t)}, Res >0, (1.5) 
Limp (t) == >) ql a (+ LG, Res >0. a.6) 
I=1 


The system of simultaneous equations (1.4) has a unique solution when Re s > 0 (see the assumptions in section 


Now taking Laplace transforms of the system (2.1) with the initial conditions (2.2): 


ons L “ay =< boi,2,...,8 
tL (Pim © “at (em (+ 0m Res po (hor ‘). od 
By comparing (1.4) and (1.7) we obtain 
able Lia? m=(> Liem (t)) by, {2°(t)}), Res>>O0 (1 = 4, 2,..., n). 4.8) 
} m=1 
al Using (1.5),(1.6),and (1.80)gives 
L (xp (t)} = G(s) L-(20 (t)), {Res >0, (1.9) 
where 
r G(s) = N (p++, Res>0, 
n 69 1.10) 
N(s)=—)) > OL (Pim ())b_, Res >0. 4.11) 


l=1 m=1 


The function G (s) defined by the equations (1.10)-(1.11) is the transfer function of the system linear block, The 
function G (s) is obtained in the form of a rational function of $%, The above considerations are only valid when Re 


871 














s > 0; we shall say nevertheless that G (s) is a transfer function if it is a rational function defined in the whole s-plane 


and obtained as the analytic continuation of the G (s) function. 


It should be mentioned that the function L {¥,_, (t) } exists when Re s = 0 and that when s = jw (w real), then 
L{¥;m (O} =F {¥z 1 (} [see (4.10)]. By comparing (1.11), with (2.6) and (2.9) we see that when s = jw the function 
(1.11) is equal to the function of (2.9). Therefore the function (2.10) is equal to the above defined function G (s) with 


$= jw, 


APPENDIX 2 


By using (3.1) and (3,2) we obtain fort > T 
T 


bp (= — i (ve—0) + @ PED) (oy a. 
0 
But Bee (2.6), (2.1) and (2.7)]} 





|y@+a S15 ley (1 +4 5 s \mal) 33 |b, | Kye ™*", 


Therefore, k=1 m=1 i=) 


[dp (1S sup | 9 (9 (0) \ 





v(s— 0) +g 2 E—w al 


<, sup leounl> Ley | (1403 > \eynl) 5 DrAt e—Kolt—0) ar. 


l= k=1 m=1 i=1 
This gives the inequality (3.4),where 


Ke= sup Jee@i>d iqi(t+ a3 3 ml) 3 11 KE (eT — 1), 


l=1 k=1 m=1 


For a specified solution of the system and for a given T, Kg is a constant. 


Therefore the Fourier transformation (3.5) exists. 


APPENDIX 3 
From the equation (1.2) we obtain 
T 


a> =-{ (Hm (t) +9—— 
0 
The integration by parts gives 


B= ([(un ores apy, (t “el of gy) (oe dm (*) Pe at, 


and hence, inview of |&(T)1< sup 18()| #18 (I<, sup 1 (G)|- it follows that 


usta Seth ie 


er (o(e) dt = (1, () +9 —S—) 





owns 











d Tid 
Fiz, rn + | +f 5 0 Ma) 
But [see (2.5), (2.1), and (2.7)] 


tm (2) + 9 i |< |¢,| (+03 s | @xm|) Kas 


k=1 m=1 








en a oes " Is 1 | (1+¢ > | 44m!) DD | em! | kre“ M4. 


k=1 m=1 k’=1 m’=1 
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(il.1) 


(11.2) 


(il.3) 


(11.4) 


(ill.1) 


(iil.2) 


(111.3) 


(111.4) 


(111.5) 





+l) 


3) 


5) 





By substituting (111.4) and (III.5) into (111.3) and by using the inequality 


T oo 4 
\ ev at <{ eK dt = K.’ 


t t 
As (eo a< \ eo Klt—O dt = x , we obtain the inequality (3.35) where 
0 


0 —coo 


a. 


K.=K, PL acs > 5} len!) 


l=] k=] 


APPENDIX 5 


(111.6) 
i) 0 
we obtain the inequality (3.26),where 
4 aS lal (1403 3} Item) (24+ 3 5) bem qil.7) 
l=1 k=1 m=1 kim mn’ == 
APPENDIX 4 
By replacing ¢ (0 (€)) in (2.3) by d&(0)/de [see (1.2)] and by integrating by parts we obtain 
«, (t) = 3} Vim (t) Zo + by b m (Pim (2) B (= > b a (t) Aint 2 
m=] m=] 0 (div.1) 
From (2.1) and (2.7) it follows that Va (t) | << Kin max (jz “ma 1 
+mPlB OI DI |(2+ a, | ( e~Ket—0 ap 

( > 2 . \. ): (iv.2) 


The result (3.42) could be obtained by making use of a lemma published by Barbalat [9]. Below we shall give 


a more direct proof. 


We assume for this purpose that (3.42) is not true. Then a positive quantity 5 and a sequence of quantities tj 


must exist such that 
[o (t,) |> 4, t, >0, lim t; = + oo. 
i-oo 


Let the solution in question [see (3.41), (3.36), (3.37), and (1.3)] be 
| t 
S-| <M 1901< Me 
The sequence t;, can be selected such that 
rs) ts) 
de eis 7 “> aM, ° 


4 
When lt'—h I< oyr we have 





t 
Ma>19(0|=(3(t) + SO ae) >100,)|— anlt—4l>+ 6 
tk 


We also have [see (1.4) and (1.5)] lan . 
T NT) 2M, 

\ g(s(1)) s(t) a> > @ (a(t) o (t) dt, 
k=1 te aa 


(V.1) 


(V.2) 


(V.3) 

















Obviously 





lim N (T) = oo. 
Too (V.6) 
Let inf | ¢%o)| =m. Then we obtain from (V.5) {see (1.5) ] 
: <lol<M, _ 
( P (o(t)) s(t) dt > N(T) rin oe 
s > M, 2 — (v.7) 
In view of (V.6) 
z 
li t t) dt == co, 
rece) @ (S(t) s(t) dt = ce v.8) 
which contradicts (3.39), and so (3.42)is proved. 
APPENDIX 6 
In order to prove the relation (3.44) [see (2.3)] it is sufficient, in view of (2.7), to prove that 
t 
Tim | Pim (¢ —£) 9 (3 (@)) db = 0. (VL.1) 
follows from (3.44). - 
According to (2.7) we have 
t t 
| Pont ¢ — 8) 9 (6) a | < Ki Ve“KHO} (6 
0 0 (V1.2) 
By applying de | ‘Hopital rule (see, for example, [10]) we obtain [see (3.43)] 
t 
feX* |p (5) 1 ae 
lim fevtar-o | @ (c(t) | at = lim 2 — lim|@ (6(t)) | = 0, (LS 
{+oo t+co eet Kot > 0o 


and hence follows (V1.1). : 


APPENDIX 7 


It can easily be seen that the most general negative definite Lyapunov function of the type “a quadratic form 
plus the integral of the nonlinearity” can be represented as 


n n n 6 n 
V=>) Dd) 2'im7m— 2 ( —>} 1) — 28 \90) ds +265) fit, (VILL!) 
i=1 m=1 l=1 0 i=1 
with t7 m, &, 8, f, being constants. The derivative of the V function by virtue of (4,1) assumes the form 
n n 
1 dV 
Ta ~W@d+6 > h, (> @),2, + b@ (0)) 
l= k= 
n n n : ' 
+ 3% 17 [D) (Saute +29) —100)], (vn.2) 
i=1 l=1 k=1 
where W (x;,@) is given by the expression (4.4). 
We shall show that the equalities 
f, =0 @ =1,2,...,0) (VII1.3) 


afe necessary. We note that the function } dV/dt is positive when 


x= sf =e\ Pm(tat (L=4,2,..., a) 


a 








1.6) 


v7) 


v.8) 


1.1) 


v1,2) 


1.3 


/11,1) 


11.2) 


/111.3) 


11.4) 





@ (3) = e%, (vil.5) 


o =i, (VII.6) 


where m is one of the integers 1, 2,..., 1; ¥/m (t) the functions introduced in section 2, and € an arbitrary (positive 
or negative) quantity. The function (VII.5) is of course of the class A. By integrating (2.1) we obtain, in view of 
¥1m (t) [see also (2,2)), 


n fos] 
— Vim ) = — 81m = >} Sp \ Pam (#) dt. (V1.7) 

Consequently [see (VIT.4)] 7 . 
2 4,24 = — 01m: (VII.8) 


It is easily seen that for the values of (VII.4)-(VII.6) the function 4 dV/dtcan be written as 


n 


+5 ¥ (3 Dy cust )2 +000), 


l=t k= (v1.9) 
in which 0 (€*) denotes terms with the property | 0 (¢*)|< Ke*, with K being a constant. 
From (VII.9) using (VII.8) we obtain 
1 adv 
Fae ~ — fat + OC. (VI1.10) 


If .. #0 then for a sufficiently small € the expression (VII.10) has the sign of — f,,€; the latter, however, is 
arbitrary because the sign of € is also arbitrary. It is therefore necessary that fp, = 9 be true. As m was taken as 
arbitrary we see that the equalities (VII.3) must be true. 


The function (4.2) is negative when x, = 0,0 =1, g (0) =ho, h> 0, This gives the inequality 


—a—hB<0 for any h>0, (vl.11) 
which proves finally the relations (4.3). 
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THE CONDITION GOVERNING THE ABSENCE OF OVER- REGULATION 
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pp. 980-985, August, 1961 
Original article submitted November 1, 1960 


A method is given for finding the conditions governing the absence of over-regulation in certain non- 
linear systems. 


In investigating control systems, finding the conditions governing the absence of over-regulation in the system 
when input perturbations of the step type are responded to, is of great significance. In [1] we found the conditions 
governing the absence of over-regulation in certain linear systems. Here we shall study the conditions governing the 
absence of over-regulation in certain nonlinear systems. 


For simplicity we shall first study a second order system: 


d? 
— = hi (z, y), 


(1) 
* 
— = fa(z, 
We shall assume that the functions f,; and f, are analytical. 
We shall make the transition to a system of equations in x and x, For this purpose we differentiate Eq. (1): 
dtx = Mh a : 
Git = ae hy +Z tele, y) =F (2, y). @) 
Eliminating y from Eq. (1) and (3), we obtain 
z= @(z, 2). 
Making the transition to the coordinates x, v = k, we obtain the following first order equation: 
dv __—«@(z, v) v) 
do (4) 


In a sufficiently small neighborhood of the origin the function yg (x, v) can be written as [2] 
y (x, v) = ax +bv + g (x, Vv), 
where 
lim 9: (z, v) ii 
xo V z* + v? 
v+0 
Assume that the characteristic equation for the linear approximation of the system of equations (1), (2) has two 
different negative roots: — y; > — yz which correspond to the two straight lines OA, and OA, (Fig. 1): 
v =— y4X, Vv =~ yex. 


These two straight lines have the following properties [2]. All the integral curves may be tangent only to these 
two straight lines for x ~ 0, v —0. 


We shall construct sufficiently small isosceles triangles on the straight lines OA, and OAj; the bisectrix of these 
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= 


“~— J — 


—_ ao ae 2 a 


1) 


2) 
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triangles coincides with the straight lines. Then if the integral curves enter the triangle OB,B, it follows that they will 
remain inside the triangle and arrive at the origin while being tangential to the straight line OA,. On the other hand, 
if the integral curve enters the triangle OC,C, it will definitely emerge from it through the sides OC, or OC,. From 
this it is clear that if the integral curve is located inside the triangle OC,C, above the straight line OA, it will definite- 
ly enter onto the half-plane x > 0, We shall now draw the integral curve ODE which passes through the point D (x»,V9). 
This curve can be found by integrating Eq. (4) with the initial conditions v(x») = vp when x varies in the negative di- 
rection. 


The integral curve that begins above the curve ODE will definitely enter the region x > 0, In fact, assume that 
the integral curve begins at the point G. Then it cannot intersect the curve ODE since the uniqueness theorem would 
be violated at the pointof intersection; it also cannot go to the point O without intersecting the axis x = 0, since the 
integral curve must be tangent to either OA; or OA, for x ~ 0, But the integral curve cannot be tangent to the straight 
line OAg in view of what was said above; it also cannot be tangent to OA, without intersecting ODE, Therefore, the 
integral curve must enter into the half-plane x > 0; i.e., the system will have over-regulation. 


» Curves beginning below the curve ODE will not make the transi- 
tion into the half-plane x > 0 since they cannot intersect the curve ODE. 


Thus the equation for the curve ODE yields the necessary and 
sufficient condition for the absence of over-regulation in the system. 


It should be noted that the reasoning cited above is not sufficiently 
rigorous. For a rigorous treatment it would be necessary to make the 
point D on the straight line OA, tend toward the origin; then the limiting 
integral curve would give the condition for the absence of over-regulation. 
It is easy to see that this integral curve would enter the origin while being 
tangent to the straight line OA,. Thus,the curve which yields the condi- 
tion for over-regulation must be determined by the following conditions; 

dv 


aie dx Te 











For example, let us study the equation which describes the system 
with nonlinear feedback proposed by Lewis: 


Fig. 1. 


z+ (—al|z|+b)2+2=0. 


It is easy to demonstrate that the curve ODE in this case must intersect the straight line v = 0 (Fig. 2). Having 
found the equation for this curve, it will be possible to find the abscissa for the point of intersection between it and 
the axis v = 0. Then for the initial condition | x9] > | X»| the system will definitely have over-regulations . 


We shall now study the n-th order system: 


= h(t, » In), 
a 6 wre tee 
ar = falZ eee Sudo 


where the functions are analytical. 


Assume x, is the output coordinate of the system and that the conditions governing the absence of over-regu- 
lation must be determined for it. 


We find the expression for the derivatives of the variable x: 


d dtr 
St = Fy (tu. + tn) = fr (ry. +> Zn)s Git Fats ++ ta) = 2h Gee Me si» a. 6.46. ese 


* As we know, in a linear system the presence or absence of over-regulation does not depend on the magnitude of the 
initial deviation. 
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dz'™) n OF dz™ OF 
>. ree axa tel n—2 we a eed. OP? (5) 
ai" = Panay 0+ oy 0) = 2 Oz, fin Wy eel ne hed eaee — tia 7 fj. 
L j= i= 
v 
We introduce the new variables 
a aaithe (n— 
D Uy = XZ, Uy = Z,..., Ug = 2”, (6) 
j From (5) and (6) we obtain the following equations: 
t z zy => Uy, 
5, 0 Fy (%1,.++5) Zn) = Us, 
EEL as Sao aa ee ee ee 
8 Fant (Mh, +000 Be) Ue: (7) 


Assume that it is possible to solve these equations relative to xj. We shall substitute the resulting expression for 
xj into Fy (%, . . .. Xn). Then we obtain: 


F,, (za, .--, In) = (u,, ---» Un)- (8) 


The system of equations in the new variables will be written as 








du 
> — Y (u;, ae | Un), 
du, 
! > ~ = Un, 
ae. wee. ese Be. sy. = (9) 
du; ae 
yh Se 
We shall study the phase space wy, . . .,U,. In the neighborhood of the origin the system (9) can be represented 
in the form ee 
i z- = Ayn + Agn_,; +... + ant, + (uy, . ~~, Un), 
: du, 
a = Un 
es a0) 
du; 
——- a Us, 
r 2 
where 








We shall assume that the characteristic equation for the linear approximation of the system (10) has n different 
real negative roots: ~y;> —~y2>---> Yn 


In [1] we found the necessary and sufficient condition for the absence of over-regulation in linear systems whose 
characteristic roots were real and negative. It was demonstrated that if ® (u,,..., u,) = 0 for uy < 0, where 
D = le7¥s--- Yqtat (Tats - ++ Tay t Vela - ++ Tol nt +++ +%a%a- +7) Ue t 


» (Yala t eee Hatt + + Tata) Ba tlta + Yat --- +7,) 4, tual, 
the integral curve does not enter the half-space uy > 0. 





Just as in [1], we shall study that portion of the phase space which is bounded by the inequalities 
u, < 0,u, =0,...,U, = 9. (11) 


From the qualitiative theory of differential equations [2] we know that in the case where the characteristic ¢- 
quation for the linear approximation of the system (10) has different real roots,the arrangement of the integral curves 
in the neighborhood of the ozigin for the nonlinear system is essentially similar to the arrangement of the integral 
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curves for a linear system. We shall now study a sufficiently small region near the origin which is such that we can 
find the nonlinear system (10) by its linear approximation. Then on the basis of what has been said above there exists 
a hyperplane 


Ayu, + Aglg +... + Anun = 0 (12) 


such that if the integral curve is located above this hyperplane then it definitely enters the half-space u, > 0, L.e., 
the system has over-regulation. In[1] we demonstrated that this hyperplane consists of the integral curves for the 
linear system. Of course, the hyperplane (12) can be meaningfully examined only in a sufficiently close vicinity of 
the origin. 


We shall study the hypersurface L: 


Un = 9 (Uys, + - + Un 4), (13) 
which is formed if we continue the integral curves lying in the hyperplane (12) to t--— ™, 


It can easily be shown that if 
— P (Ujo,---, Un—s,0) > O 


and u,9< 0, the integral curve beginning at that point will definitely enter the half-space uy, > 0, 


We shall study the point A (Gj, ,. .. , U,) in n-dimensional space lying on the hypersurface L; i.e., 


Bn —  (U,---, Ba) = O, 


and the point B (@, ,..., Up— 1, Up) whose coordinates coincide with the coordinates of the point A up tou, _ ,the 
coordinate Up is chosen to be sufficiently cose to Up, but in such a manner that 


— 


Un — @ (U1, 10spln4) > 


The integral curve beginning at the point A cannot enter the half-space u, > 0 according to the definition of 
the hypersurface L, since in a sufficiently close vicinity of the origin it will lie in the hyperplane (12). 


We shall now study the integral curve emanating from the point B, Based on the continuous dependence of the 
solutions for the system of differential equations on the initial conditions, it can be stated thatif B is sufficiently close 
to A it follows that for any finite time interval these integral curves will be sufficiently close to one another. The 
integral curve emanating from B cannot intersect the hypersurface L, since the theorem for the uniqueness of the so- 
lution would be violated at the intersection point. In a sufficiently close vicinity of the origin this integral curve will 
be located “above” the hyperplane (12) and will there definitely enter the half-space u, > 9, Thus we have demon- 
strated that if the initial point lies “above” the hypersurface L (no matter how close it lies to this surface), then the in- 
tegral curve emanating from this point will definitely enter the half-space u, > 0. If we take the point B, (@j,..., 
Up — 1 Up) such that u, — g (th ,.....Up_ ,)> 0, where Un differs from & Ui, by any finite amount, it follows from 
simple mechanical considerations that the integral curve emanating form this point must enter the half-space u, > 0, 


It can also be demonstrated that if tin- g (U, ...., tip — 1) < 0, the integral curve does not enter the half- 
space u, > 0. 


Thus the equation for the hypersurface L yields the necessary and sufficient condition for the absence of over- 
regulation in the nonlinear system under study. We shall now dwell on the method used for finding the equations 
defining this hypersurface. It is evident that the hypersurface L consists of integral curves; therefore,if we substitute 
the equation for the corresponding integral curve into Eq. (13) it will be converted into an identity. 


We now differentiate (13) with respect to t: 


OM du, , Op dus dp dy, du, 
bu: ae Ou, at a a ae =. 





(14) 


Since the functions uj(t) are components of the integral curve, it follows that their expressions from (9) can be 


substituted for uj. Here we find that 
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a 
a uy, = V (u,,..., Un). (5) 
Thus, the equation for the hypersurface L is the solution for an inhomogeneous first order partial differential 
equation. 


For a numerical solution of Eq. (15) there is of course no necessity of seeking an explicit expression for x; in 
terms of uj in order to substitute them into F,,, since for each step of the integration process Eq. (7) can be solved 


by numerical methods. 


Now we need only to determine the boundary condition. It derives from the method by which this surface is 
constructed. We shall study the region near the origin in which it is possible to treat the linear approximation of the 
system (10). We shall draw the plane wu, = Ugo, where ty is sufficiently small. Then the boundary condition can be 
specified in the form 


uy = Uyo Up == 1/An (Ay Uy9 + Agua Feo ae * An anit u,— » (16) 
which is obtained if we substitute uy = uyo into Eq. (12) and express up in terms of the remaining variables. 
It is clear that the line of intersection for these planes must lie in the linearity region. 


In the analysis above we studied the behavior of integral curves in the half-space u,< 0. For the half-space 
u, > 0 the conditions governing the absence of over-regulation can be formulated as follows: If Ugy— ¢ (Uy... ., 
Un—1,0) = 0, then the integral curve emanating from the point with the coordinates Uyo, . . .,Up9 does not enter the 
half-space uy < 0. 


Here we must make the sarne remark that we made in studying a second order system. Rigorously speaking, the 
hypersurface L which provides the conditions governing the absence of over-regulation must be tangent to the hyper- 
plane @ (uy, . . ., Uy) = 0 at the origin. 


However, the method under study provides a practical means for finding the surface L. 


The derived condition governing the absence of over-regulation can be used not only for analyzing an existing 
control system but also for designing systems in which the characteristics are varied as a function of the position of 
the image point in the phase space relative to the surface L in order to improve the control performance. 
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L. S$. PONTRYAGIN'S MAXIMUM PRINCIPLE AND OPTIMAL 
PROGRAMMING OF ROCKET THRUST* 


V.K. Isaev (Moscow) 


Translated from Avtomatika i Telemekhanika, Vol. 22, No. 8, 
pp. 986-1001, August 1961 
Original article submitted June 10, 1960 


The theory of optimal programming of the magnitude and direction of rocket thrust for the cases of 
plane and space motion in a homogeneous gravitational field is developed, no account being taken 
of aerodynamic forces. The equations implied by L. S, Pontryagin's maximum principle are inte- 
grated in closed form (depending on parameters) for the class of problems considered. The maximum 
principle is applied to the study of an object described by a system of nonlinear differential equations of 
fifth (Sections I and II of the paper) and seventh (Section ITI) orders. 


The maximum principle is a generalization of the Weierstrass condition of the classical calculus of variations 
to the case when the desired optimal control satisfies inequalities of a definite form [1-3]. The maximum principle 
reduces the variational problem to a boundary problem for a system of ordinary differential equations describing the 
optimal motion of the object, This system is nonlinear as a rule. To solve it,it is generally necessary to use digital 
computers. 


In this paper the maximum principle is applied to the investigation of one class of problems having to do with 
the optimal control of the motion of a rocket. The method employed allows one to obtain a broader picture of the 
nature of optimal processes than do methods based on the classical apparatus. It should be added that questions having 
to do with the satisfaction of boundary conditions [4,5] are insufficiently treated in papers based on the classical Buler- 
Lagrange equations. 


It is shown on the basis of the maximum principle that for the class of problems considered, the solution may 
be obtained in the form of a closed parameteric relation among the initial conditions, the optimal control law, and 
the boundary conditions. 


I. MAXIMUM PRINCIPLE 


1. Formulation of the Variational Problem 





1. Considering the rocket to be a point of variable mass m (t) = m (0) Xg (t), we examine its plane motion in 
the homogeneous gravitational field of the earth (g = const) in the absence of aerodynamic forces. Suppose x; (t) and 
X, (t) are the horizontal and vertical velocity components, xX, (t) the dimensionless mass, xq (t) and x (t) the range 
and height, u, (t) = P (t)/Pmax the dimensionless thrust (referred to the magnitude of the maximum value Pmax),and 
U, (t) the inclination of the thrust vector to the horizontal (Fig. 1). 


Introducing the vectors x (t) = { x (t), .. . . % (t) } and u = { uy (t), up (t)} , we write the equations of motion 
in the form 


a = fi(z, 4) (i =1,.--, 5). a) 


By taking components along the earth's axes, and assuming the effective outflow velocity to be constant (w; 
= Cc), we obtain the equations: 





owe Au; (t) COs us (t) - Au sim ug(t) _ 
en gn Ce a oe 
Ls = — au, (2), Ze, B= 2p, (la) 

* The material in this paper was presented at the 6th scientific conference at MFTI of April 15, 1960, and at the Moscow 
General Seminar on nonlinear problems in the theory of automatic control at the IAT AN SSSRinJune, 1960. 











where o = Pmax/m (0)c, A = ac. 
The bounds imposed on the magnitude of the thrusts, 
Os y (= 1, : (2) 


will be basic to our discussion. 


2. We pose the following problem: to determine the optimal control (if one exists) u = { uy, Ug} , which takes 
system (1) from a fixed initial position x (0) = x’ = {x,(0),..., x (O)}** ina fixed amount of time *** t = Tt 


a certain clsoed convex set G (x), such that at the moment t = T the functional S =>) cx; (T)takes on the maximal 
i=1 
(minimal) value from among all possible, considering the limitations (2) imposed on the control. 


The problem of optimizing an arbitrary differentiable function of a finite number of phase coordinates (Mayer; 
problem) and of optimizing an integral of an arbitrary function of the coordinates (Lagrange's problem) both reduce 
to the problem of optimizing a functional such as S above. 


3. Theproof of the maximum principle for the problem with fixed right end of the 
trajectory was given by L. S. Pontryagin, R. V. Gamkrelidze, and V. G. Boltyanskii [1]. 
L. I. Rozonér considered boundary conditions for the case when the region G is closed and 
convex [2] and also for the case of a free right end of the trajectory [3]. 


q; 





In accordance with the procedure of the maximum principle, we supplement system 
(1) by a conjugate Hamiltonian system: 











. : of, 
p= — Sra (i=4,...,5) (3) 


or 





. vt . . A . 
Pr=— Pe Py = — Py Py = = (P1008 ug + py Sinus), 
3 


P,=0, p,=0. (82) 
We consider the fundamental function (the Hamiltonian) 


5 
H = H(z, p,u) = >} pole (2, u) = 


s=1 
A ; 
= Uy |= (P1 COS Uy + p,sin uy) — aps | — Po + Pat, ~- PsX- (4) 
According to the maximum principle, a necessary (and sufficient as well in the case of linear systems [3]) max- 
optimal®*** (min-optimal) condition is that the control u satisfy the minimum (maximum) condition, 
For clarity we shall limit ouselves to the consideration of max-optimal control. 


2. Minimum Condition 





According to the minimum condition the optimal control u = { u,u,} is chosen in such a manner that the 
function H (or, what is the same thing, the function H* = uf (p, COS Ug + p, Sin u,)— Pa, since n (p.x) =A 
a) c 


— He A does not depend on u) attains an absolute minimum in the set (2) at every moment of time t (0 = t= T) for 
values of the variables equal to the values of the control at this same moment of time. In the set (2) the function 


* The problem may be generalized to the case of arbitrary bounas 6y<u, (t) <1 without changing tne proceuuie about 
to be described. 


* * Since xg (0) is always equal m1 it is necessary to assume m (0) to be given. This remark should be born in mind 
whenever the set of initial values x (0) is being described. 


* «© The practical importance of problems with fixed time was noted by D. E. Okhotsimskii and T. M. Eneev [6] and 
A. Miele [7]. 


*¢**Max-optimal refers to the control under which the functional S attains a maximum. 
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7. 
H* (z, p, u) = »,| At sin (U, + 9) —- = , 
where sing = —“— , cosg = ——2__ , 
V +P V ri+p 
attains an absolute minimum under the following conditions: 
u, = Sg O(p, 2), (5) 
y= — > —arctg”, (6) 
where 
1 for @>0, V p+ pe 
Se =|, for $< 0, O(p, x)= . — +". (7) 


AsL.S. Pontryagin, R. V. Gamkrelidze, and V. G. Boltyansk‘i have shown[1], maximum principle is equivalent to the 
Weierstrass condition in the case when U is an open set in the vectorspace of the variablesu={u,,.. ., u,} (in our case the 
subset u,, in which, according to condition (6), the control u, is chosen, is open), and, on the otherhand , the Weierstrass con- 
dition generally ceases tobe fulfilled at boundary points of the set U. Infact, G. Leitmann, using the Weierstrass condition, 
obtained an assertion equivalent to (6) for the case of a min-optimal control in the class of problems considered here[8]. How- 
ever his solution is not complete since it does not contain the basic switching condition (5) which, together with condition (6) 
follows immediately from the maximum principle. 


Thus, condition (5) evidently may not be obtained on the basis of classical results. 


3. Equations of Optimal Motion 





Substituting (5) and (6) into (1a) and (3a), we obtain a system of nonlinear differential equations describing the max- 
optimal motion of system (1): 


_  __ ASgd Pi , A Sgt P2 . = 
z,= . z= i. z, = —aSg, 
: Z3 p+ p 8 Z3 Verte 


. : : . ; A Sg @ 
=, %=—%q MB=——Pw Pro=——Ps» Ps=— “s Vp + PR, P=, p= (8) 
3 
The necessary boundary conditions, according to L. I. Rozonoér[2], may be written in the form 
Pi (T) = —  — pb, (x, (T), ad a, (T)I, (i=1,..., 5), F (x,(T),..., z,(T)} = 0, (9) 


where the inequality F (x;, . . ..%)S 0 defines the set G, and 














b; < OF (x4, o° 29 25) 





Ox; (ém1i,..., 5) 
for the case when the function F (x;, . . ..Xg) is differentiable. 
In the other case which is important in practice, when for t = T,q(q<<4 _ ) coordinates are fixed, L.€..%) (T) 
. xi (j=1,...,q), conditions (9) are replaced by the set of conditions: 
2j(T)= 2} (j=1,..., 9), Pe(T)=—Ce (=a + ty. - 5) vai 


The six conditions (9), containing one unknown constant x; (0) = xi (i=1,..., 5),form a set of ten boundary 
conditions for the solution of system (8) of ten equations in ten unknown x; (t), pj (t), (i= 1, .. ., 5). 


_ 


* According to [8], 
u=1 for @>0, u=—0 for <0. (5*) 
From the point of view of the maximum principle, the condition 9 = 0 corresponds to the regime of singular control 


(see AppendixI). There is an obvious class of problems for which (5) and (5* ) lead to different qualitative represen~ 
tation. 











4. Certain Particular Cases 





We briefly consider individual examples, based on conditions (9) and (10), 


i. pee that after a time interval t = T a rocket with starting weight m(0)g is required to attain a height of 
Xs (T) = xd with a useful load m (T) g = m (0) gxs (T) in such a manner that the velocity vector at t = T has an angle 
y =arctank,k # 0 with the horizontal, and the range x, (T) assumes the maximum of all possible values. 





Then 
Ca = 1, Pg (t) = pg (T) =-—cg=—1, py = 1. (11) 
Setting in condition (9) c, = cz, = 0, we obtain 
Py (T) + kp, (T) = 0. (12) 
Using the sixth, seventh, ninth,and tenth equations of system (8) and equations (11) and (12), we find 
p! #e Py 1). 
=—p) =—pP=— — + 4 
Pe Ps = Ps k 1 ( (13) 
As a result we obtain a system of eight equations: the first through the fifth and the eighth equations of system (8) 
and equations (11) and (13), with eight unknowns x; (t) (i = 1, .. ., 5), py. Pe, Ps,and eight boundary conditions; 
w(O)= af (6=1,.-..5), ag(T)—ke,(T)=0, 24 (T) = 2, 


2. Suppose in addition to the conditions of the preceeding problem we have k = 0. The optimal process is des- 
cribed by a system of nine equations: the first through the fifth and the seventh, eight, and ninth equations of system 
(8) and equation (11) in the nine unknowns x, ((i=1,..., 5). Py (t). Pe (t). Py (t). ps (t),and the nine boundary 
conditions: 


w(O)= 1 (=1,---.5), a(T)=0, a(T)=2), 2 (T) = 25, 
P,(T) = 0. (15) 


Thus, if in the general problem of deriving (k #0) P3= px(p}, pe. k, T), py and pp are unknown (not counting ps), then 
for k = 0, Pe and Ps are subject to definition, and p; = — T. 


3. The problem of attaining a maximal height at fixed range reduces to a system of equations similar (with 
other conditions equal) to those described in 1 and 2 , under the condition ps (T) =— 1. 


4. In the problem of finding the ballistic rocket of maximal range (with time of flightT known), the velocity 
vector V (T) = { x; (T), x, (T)} is free and the boundary conditions take the following form: 
%(0)= 22 (¢=1,...,5), t(T)=—23, 2,(T)=0 
(16) 
p(T)=9, p(T)=90, p(T)=— 
Il. ANALYSIS OF THE COMPOSITION OF THE OPTIMAL TRAJECTORY 


We draw attention to the fact that the sixth, seventh, ninth, and tenth equations of system (8) do not depend on 
x and may be integrated separately. Moreover, the functions p, (t) and p, (t) are linear with respect to time, by virtue 
of which the optimal trajectory of image points in the p;, p, plane (the p-trajectory) is a straight line segment 


— Pa Pe + Ps PL =~ Pa Pe + PsP =C, a7) 
depending parametrically on t (0= t= T). 


We introduce into the investigation a vector space P { p,, pp, z = — ps/c} (Fig. 2), in which conditions (5) and 
(6) may take on a simple geometrical meaning. 


1. Direction of Thrust 





The program of variation in the angle of inclination of the thrust vector with respect to the horizontal is deter 
mined by choosing a p-trajectory from the set of all those admissible; namely, the angle u, (t) is included betwee® 
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the axis — p, and the vector R (p, t) = { py; (0). Pa (t) } (the first quadrant is between the negative semiaxes — p, and 
— Py). 
We call a p-trajectory passing through the origin ( C = 0) singular since on those for which py < 0 < pi, there is 
a discontinuity of the control us (t) at the moment t' = pt/py: 
up (C +0) = ug (8-0) +7, an 


In the general case of optimization of an arbitrary functional S, the tangent of the angle of inclination of the 
axis of the moving object with respect to the horizontal is a linear,fractional function of time 


Ps — Pst 


1 Pet! (19) 
which corresponds to the result obtained by D. Lowden [9, 10] and G. Leitmann [8]. 


tg ug (t) = 





For the cases when no limitation in range is imposed (the fourth equation of (8) is excluded), we have p, = 0 and, 
consequently, 
) 9 
Ps — P;¢ 
tg us (t) = re ’ 
P; (20) 

which contains the solutions obtained by D. E. Okhotsimskii and T. M. Eneev [6], and also those by S. Ross [11] for 
the case S = x, (t) for k = 0,and by B. Fried for the case S = x [12]. 


In problem 4 (sec. 4), using the eighth and the ninth condition (16), we obtain 


(21) 


ie.,the program of reducing a ballistic rocket of maximal range (fixing the flight time T) in the homogeneous grav - 
tational field of the earth, the angle of inclination of the thrust vector is characterized as constant on a portion of 
the trajectory which coincides with the solutions of B. Fried and J, Richardson [13], and A, Miele and J. Capellari[5}-. 


2. Magnitude of the Thrust 








We write the switching function in the following form: 


o(p, 2) =A 4 Fe RY _ 76, 2) = @(p, 2) —Z(p,2) (2.2) 


For fixed values of p’, © (p, x) and Z (p, x) will be functions of t: © (t) and Z (t). 


The active portion of the optimal trajectory in the space X cy ) <t< i! )) corresponds in the w plane (passed 


through the p-trajectory perpendicularly to the pp, plane) to the condition @ {t) > Z (t), in which Z (t) is a monotonic 
increasing function on the active portion and is functionally constant on the passive portion [see the eighth equation of 
(8)] r,; <t< r_ , and where © (t) is described at the same time by the equation of a hyperbola © (t) = R (p’, t)/%s 
a (r< t<r §*)), rf? der and wr) are the moments of beginning and ending of the active (passive) portion 
with index 7 (k). 


Using the space P and the switching condition (5), one may establish many properties of the optimal control, 
which form the basis of the following assertions, covering the known results obtained with the help of classical methods 
[5, 8]. 


Theorem 1. For the class of problems considered (1 and 2 , sec. 1) all controls uy, which are max-optimal with 
respect to S and the max-optimal trajectories x in the space X corresponding to them, and proceeding from the point 
x at the time t = 0, are contained in the set of controls (and trajectories corresponding to them) satisfying the following 
Properties: 


1) Theoptimal control is of boundary type; in the composition of the optimal control there enters not more than two 
active portions, = 2, the control on which is maintained in the regime of maximal thrust u(t) = 1 (rf <rerf), 


_ 


* Equation (21) is valid for any functional S under the unique condition that the velocity V (T) = { x, (T) % (T)} 
be free, 
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2) when there are two active portions present in the composition of the control: a) 1 = 0, b) the switching 


time if) and 12) of the optimal control u, corresponding to some p-trajectory are symmetric with respect to the 
points p; (t»), Pz (t) lying on the given p-trajectory and occurring at minimal distance from the origin. 


The proof of this theorem is given in Appendix 1; it is illustrated in Fig. 2, constructed for some p-trajectory 
of problem 1 (sec. 4), where the t-axis is collinear with the p, axis. In Fig. 2 a particular case is presented, when 
the point Wries on the intersection of the p-trajectory and the — p, axis. The motor cut-off time t, is determined 
not by consirjon (5), but a Se boundary condition xg (T) = xg, i.e.,from the condition that the entire fuel load be 
burned up; 12 =ta+2(m-& y, where tg =1- x/ a,is the general continuability of the operation of the motor in 
the regime of maximal thrusts . 


3. On Integration of the Equations of Optimal Motion (8) 





The entire max-optimal control u, is determined by the prescription of the parameters of the p-trajectory and 
the parameter z’=- p,/c. On the basis of Theorem 1, one may exclude from consideration the parameter py. and 
determine some control u, from among those which are optimal [satisfy condition (5)], existing (see Appendix II) on 
the given p-trajectory [for the given u, (t)]. In this the control with two active portions may be characterized by the 
parameter n = _ t =t%—- , defined inside the closed region Qpn: (to — ta) Sg (t) — ta) = n = min (T- ta/2, &), 
and the controls with one active portion by the parameter £ = t;’; defined on the set of p-trajectories ese Appendix 
M1) in the region Qf): 0 = ¢ = T— ta, on the set % in the region QW: 2 < Ea) <= T- )- 

pe: Y= ae % in region Q : 2 = Ea =T tg ON Oy and % E@) 
=e (4) =0. . 


Thus for the class of problems considered, the entire max-optimal control u = { uy, ug} is established with the 
aid of finite operations i.e.,by giving the parameters of the p-trajectory and the parameter £ (n), without integrating 
the system (8). Furthermore, for each control, from the number of optimal equations (8),there is an equation with knows 
right side, integrable by parts into elemntary functions. To separate out the desired control from the set of all optimal 
controls, the boundary conditions are used. 


We shall clarify all this by considering problems 1 , 2 (Sec.4) as examples. In the given case,two out of three 





*In problems where the fuel expenditure is minimized, the cut-off moment t, is determined from the boundary condition 
Z (t,) = 1/c. 





 &), 


s) 





parameters, determining u, (t) in the general case, 7 a, ph and p, a )or Pe and Ps (2 ». Consequently, the 
vector u (t) = { uj, Up} depends on three parameters: pl, py, € (n) (1 yor ff, Ps. € (n) (2). The parameters ¢ and y 
together play the role of the single parameter {, Measured for convenience from the variouszero positions on each of 
the nonintersecting regions Qp¢ and Qpn of the p-trajectory. 


Integrating (8), we obtain (see Appendix III): 
a(t) = Fil, 0,t)+XP (i =1,..., 5), 
(23) 
where x} are the components depending on the initial conditions and independent of the parameters. To determine 
me py, and €* we use (14): 


F,(p", ae T) —kF , (pr", Pe, Ss T’) = kat — 20 + gl, 


F, (pe, pe’, C, T)+1=2,(T), 


7? (24) 
Fy (pe, peo, Tr) + A? —=3- + 2 = 2, (7). 


Finding the solution to system (24)(pt, p?, €*) with the aid of iteration and setting it into (23) with i = 4, we 
obtain the final result, 


ay (T) = Fy (p%, pe", ce r)+2= max. 
(25) 
The following should also be bor in mind: Considering the control u = u (ph. pe ) one Se eendpoteey (23) 
corresponding to it as a finite parametric solution of the problem for instal, conditions x}, x xi: xs, one may consider 
the first equation of system (24) in the nature of an equation for x, (0) = xt , and the third as a relation for obtaining 
%, (t) with account taken of the value of 2 found. The second equation of system (24) serves as a relation for the 
choice of the motor cut-off point when the fuel has run out. 


Ill, ON THE OPTIMAL MOTION OF A ROCKET IN SPACE 


The theory of optimal programming of the rocket thrust presented above may be generalized to the case of 
spacial motion without difficulty. 


If yy (t), ye (t), yg (t) are the velocity components along the earth's axes x = yg, y = yg, and z = yy, Uy (t) and 
ugt) give the direction of the thrust as shown in Fig.3, y,=m(t)/ m(o), and u,j(t)=plt)/ pmax is the magnitude of the 
dimensionless thrust, then the equations of motion have the form: 








iy ee Alu COS Ug COS Us ye oon Au, COS Ug Sin us 
ote Ye : a Ye ‘ 
Y, = aaa g, Ye = au, Zs = #1, (26) 


y =)» y,=¥.- 


Suppose the variational problem considered for system (26) is a generalization of problem 2 (Sec. 1, 1) to the 
case of space motion, 


Having limited ourselves to the analysis of max-optimal control, we obtain conditions which the optimal control 
should satisfy, in accordance with the maximum principle: 


u(t) = Sg 0 = Seg[—F + BO, 











sin u, (t) = —2e, 006 ty (¢) = no 
. 7) 
sina) = — i conn SN : 
where 
PHSVEO+ROH+,O, "O=VEOTREO, 8) 


















in which the vector (t) = { y, (t),... , yz (t)} and the vector w (t) = {¥, (t), 


Poy css ¥7 ()} satisfy the following Hamiltonian system of equations : 
max 
; _ _ WAS 6 jy, = BASE _ _. WsASgO 
A yap (t) ’ 2 yap (t) ’ ar yap (¢) 8 


y ,=— aSgo, ¥,= UL Ye = Vy Y, = Vy» b= — Vy +, =—¥, 


¥,=—¥,, {+ b, = 0, tb, = 0, », =0, (29) 








and also the corresponding set of initial and boundary conditions, obtained for the 
given set G(y) and the functional S with the help of the procedure described above 














(sec. 3, 1). 
Fig. 3 In proving Theorem 1 for the plane case (see Appendix I), the following 
properties of the function? (p, x) a) 8 (p®, t),where R(p®, t) = 
n,(t) “. 
ie Vp (t) + Pp (t) were used: a) p, (t) and p, (t) are linear functions of 
B-regime time (conse 0 , ‘ . : , © as 
uae quently, R (p , t) is a hyperbolic function of time); b) Z (p, t) isa 
omg . monotonicincreasing function of time on the active portion ($> 0) and a constant 
7 function onthe passive part (9< 0);and c) the function 9 is continuous everywhere, 
c on an arbitrary p-trajectory, and its derivative § = AY. 9 is continuous every- 
0 vs 
; where on an arbitrary nonsingular p-trajectory and suffers a discontinuity only at 
' | the origin (p, = 0, p, = 0). 
po Ser Fi By vitrue of the complete analogy between systems (29) and (8) and the 
\s analytical properties of the switching functions @ and $, all results of Theorem 1 
Pig. 4. may be transferred to the case of spacial motion in a homogeneous gravitational 


field with no account taken of aerodynamical forces. 


Consequently for the general case of motion in space, the problem of the absence of portions with variable 
thrust in the optimal trajectory (posed by A. Miele and H. Capellari [5] and analyzed by G. Leitmann [8] for plane 
case) is solved. 

Pruaxc™1 (#) 
m (0) x3 (t) g 
4 a,b (for the case By=u, (t}<1) and not remain constant, as was found by Yu. A. Gorelov [4] for the particular 
cases of motion of a rocket with control wu, chosen from the class C, of continuous functions (Fig. 4 c). 


Thus,the reactive overload ny (t) = on the active portion may only increase, as shown in Fig. 
The author thanksL, I, Rozonoer for discussing the paper and for many important comments. 


APPENDIX I 


Proof of Theorem 1 





A. On an arbitrary p-trajectory the switching function $ (p, x) is continuous and has a continuous derivative 
with respect to time almost everywhere *. In fact, on the active part, considering the third and eighth equation of 
system (8), we have: 








,= R iF. y, aR oe Om “ a am (t) oi 
On the passive portion: Rip, 1) 
o, = — Z,, = 0. 4.2) 
Thus, everywhere on an arbitrary p-trajectory @(p°, 1) = Avo (0 << t <T). Since xs (t)> 0@=t=T)% 


a bounded function, 9(p, t) is a monotonic function of differing sign in the regions 0 <= t = t (A) and to< t= T @), 
vanishing (if one excludes the case of singular trajectories) at the pointt =t, at which R (p’, t) = 0. Thus, 
on the basis of Rolle’s theorem, iftg€ (0, T], for0 <t <T, the function 9 (p’, t) may vanish at no more than 


¢ On singular trajectories at the origin (p, = pz = 0) 9 undergoes adiscontinuity. This circumstance does not influence 
the course of the proof, and therefore without violating any generality, we limit ourselves to the consideration of nonsingulat 
trajectories. 
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two points: t = aCe < te andt= f?), te. The seat and «{*/correspond to the opting time of the first and the be- 


ginning of the second active portions, since for t < €A,R(p’, t) < 0, i.e.,9 (p’, t)> O°, and for t >  eBRop’, 

t)> 0, ie. > (p’, t)> Oagain. The function > (p’, t) may vanish if t € (0, T] at not more than one pointt=t., 
which for p- trajectories situated in the region A, is the ending time io the active portion t, = of) and for p- trajec- 
tories in the region B, the beginning point of the active portion t, = t , which follows from Consideration of the switch- 
ing condition (5) and relations (1.1) and (1.2). 


We note that the presence of two zeros of the function 9 (p’, t) is necessary but not sufficient for the realization 
of two active portions, since besides condition (5), it is necessary to consider boundary conditions. In Fig. 5b the 
case 4 illustrates these positions for the problem with fixed finite mass. 


In order to complete the proof of sec. A, it remains to be shown than in the class of problems considered, the 
case of singular control is absent. Actually, to realize a singular control on the finite segment | < t < t (regime 
with variable thrust), L. I. Rozonoér [2] has shown that it is necessary that the function H be independent of u every- 
where int < t< tas, i.e.,in our case, the condition 9 (p’, t) = 0 (y< t< t,), be fulfilled. By virtue of the continuity 
of the function > (p. t), the singular control may be conjugate to a nonsingular or > at the points t and t,, where 


® (Pp, t,) =Z (P, t,) (i=1, 2). a.3) 


Besides (1.3), for the existence of a finite portion of a trajectory with singular control, it is necessary that the 
condition 
O(p,th=Z(p,t) (th <t< ty). (1.4) 
be fulfilled. 


But (1.4), accounting for (1.1) and (1.2), leads to the identity 
R(p, t)=0 for uxt<ty, 1.5) 


which in general is not true on singular trajectories (C = 0), and on all remaining, is fulfilled only at the point t =t. 


| 

















~~ = 

















j= <= 
SS 


RS 





























> A os at pa 
Mi 
a ii , r 
i | §:!-t 
i? Tee 7 § ‘ 
PT aie CU 
19 4 r 














Pig. 5 


Thus for the class of problerns considered, the control u, remains always on the boundaries of region (2), which 
Was to be proven. 





* Which proves assertion 2a of Theorem 1, since fort < rf) € A,® (’. t)> 0. 






































B. Suppose the function 9 (p’, t) possesses two zeros: t = if) and rf?) Then for . <t< t?)u, (t) = 0 (See pre. 
ceding divisions of the proof) and the function (p’, np=R (p’, t)/Xs (t) = R (p’, t)/xXs ( Rig described by the equation 
of a hyperbola, in which (py, t») = R(p’, t») = 0, and the straight line z (t) = Z (p’, th=Z (p’, f)) crf) <t< tf), 
parallel to the p,, pz plane {see the eighth equation of system (8)]}, is a chord of the hyperbola 
V (— pit + pi) + (— pot + pp) 

x3 ($) 

It is not necessary to apply rotation of axes to ransform this hyperbola to canonical form. From this 
it immediately follows that tj" t) = t) — t'? where t is determined from the relation 
Pipe + Pore 

Py + 7%" 








z(t)= 


we" (1.6) 


which was to be proved. 
APPENDIX II 


Types of Control Regimes u, and Geometry of p-Trajectories 





We introduce the following definition: A control of type Ag (an Ag-control) is a control uy, with one active portion 
@.=1) in which f= 0; a control of type A g is a control u, with L = 1 and € = rf) = 0; a control of type B is a contiol 
with two active portions (L = 2). 


The set Q of all p-trajectories defined for each concrete problem by the corresponding boundary conditions may 
be divided* into the following subsets: 


om a) Q, consisting of p-trajectories on which R (p’, t) is a monotonic function of the variable t (09 = t= T) in whid 
R (py ,t) > 0; 


b) 2, consisting of trajectories on which t) € [0, T] (2t% = T — tg); 
C) 2g, which is defined by the conditions: | € [0, T] (T +ta> 2t%> T-— ta); 
d) 2%, defined by the conditions: t& €[0, T), R(p’, t)< 0 (24°) and t € [0, T], 2m > T+t, (a). 


For problem 2 (sec. 4) such a subdivision is accomplished as in Fig. 6 for arbitrary initial point (- T, Pe the set 
of all possible p-trajectories issuing at the moment t = 0 from the points of the straight line p,) = - T (" @< pp <®, 
—o< Ps < ©), fill out the semi-strip T < p, =< 0. 


An Ao-control may cle ufly arise which satisfies the necessary condition (5), on any p-trajectory belonging to the 
set . As for the question of whether there exists types of controls different from Ag-controls on p-trajectories (for the 
problem with fixed finite mass), the following assertion provides the answer (this is a consequence of Theorem 1). 


Theorem 2. If U @ (i =1,..., 4) is the set of all optimal controls uy possible for an arbitrary p-trajectory, 
lying in the set Q| (i=1,.. .,4), and depending on the parameter p , then: 


a) uf)is composed of controls of type Ag (in particular, type Ao), uy of controls of types B, Ag ,and Ao, and 
u® of controls of type B (in the limit a type Ag), and U{Pexhausts the controls of type Ag; 


b) the set uy is covered when the parameter Ps varies in a finite region ES? which is uniquely determined for 
any p-trajectory. 


If one considers Q* as the union of the set of p-trajectories Q%, g,and 2, then Theorem 2 may be extended 
to the case of a problem in which the finite value of the mass is not fixed. 


In Fig. 5a. a control u, from some set uf) , for which the region Eis determined by the condition Psa) = 
Ps s Pse) is represented. In Fig. 5b a control uy from the set uf, is shown. Inside the region ED : Ba) s Ps = B® 
there exist critical points such that the type of control changes upon passing through them; for Psa) < py < Phe) there 
occurs a regime of Ag -control; for Ps) < Ps < Pa) a regime of B-control; as Py P34) the second active portion 
degenerates, and for p} = py 4) there is established an A-control; for Py < Ps(1) boundary condition (14) is not satisfied; 
when p§ increases beyond py (4), thetype of regime undergoes no further changes. 


From Theorem 2, in particular, it follows that the optimal control in problem 4 (Sec. 4) is an Ag-regime 
(since the set of all possible p-trajectories for this problem is of type 9). The fact noted earlier without proof was 
used in the papers of S. Ross [11], B. Fried, and J, Richardson [13]. 


* For the case of problems with fixed finite mass. 









































© pie- APPENDIX III 
uation 
» Integration of Equations (8) for Problem 2 (sec. 4) 

We shall determine the location of the point x (T) = { x(T) WES ES as Mm} 
of the space X into which some optimal control u (t) = { uy (ph, pyc), Ue (Pe. PR} 
takes system (1) from the fixed initial position x’ in a fixed time t = T; ie. we 

n this shall find the integral of the b ayonaee (8) of differential equations in a form depend - 
ing on the parameters py , py, ¢. -the values of this integral is used to determine 
the optimal control u* (tXi,e. Pp 2 »¢* ) by the prescription of the initial and 

1,6) boundary conditions with the help of the devices described above (sec. 3, II). 

A. We first examine the case of B-control, being the most general. For the 
parameter ¢ , reckoned in this case from the point t, we introduce the special 
notation =n. Dividing the interval of integration [0, T] into the parts [0, t 
— 7). (e—n. & +m) (te +, ta + 2n) Ata + 2n, T), we integrate the functions 

Portion x4 (t) separately in each part. 

Conteel In the first active part 0<t<t — n 

t 
ns may a1 (1) = —ael Pi (E) aE +29 
3 (1 — a) V ph Ce) + PRC) 
in whic -~={ ~¥4 (0 -S— 1 (0) — Saat 
7 Va ¥1 (0) — ‘Fi (¢) Va [Ys (t) — ‘Ya (O)] > + 2, (1.1) 
-- b 9 947 
b+E {—af~ PsPat 
= ——— = ‘ b= -— —— > 
¥i(E)=—Ar sh Ya ' ¥s(€) =Ar sh te on . 
pm” 
B=i rf, a= pi +14, Gam Zi, A = D*d(i —d), (11.2) 
the set a a 
fe i 
) mes, gate oe, =F, pat. 
% 

to the In the case A = A, = 0 (which we shall not pursue beyond this point), in place of (III.1) we have 

for the 

) ———b 

; c t+b B i—at— 

. x (t) = "Ale 5 — Vu In a—t, | + 2%. il.3) 

od med a 

= —y)=— _ —)— =~ (¥ —¥ zt. 
J 2, (t) = 2 (te — 9) wa {Ys (0) — Vi (t — 9) “ox [Vs (t% —) : on} + ail.4) 
On the second active portion, t} + n < t< t, + 27, the horizontal velocity obtains an increase 
2d tata 
beyp=—ae pr(&) a 

< tin (1 + 2ay — aa) V pte) + PEAR) 

Ps) Y 2 7a LY s(t Ys (to + I (11.5) 

a = Fz [Palle + Wi (tg + 20 — 7 [alte + 20) —Wolle+ wf, 

1 where 

fied; a ‘ 

i—a(§—2y) ; 
Ws (&) = Arsh » By,=B+2n, B,=B+2n, 
3(€ Vix, n 

(iil.6) 

ha we ee bp=—, jy = LIBS + Ph — BY). 
2 a 
4, ay 
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Finally 
a1 (pQ, py N. T) = 21 (to—) + Az,,. (101.7) 


Analogously for xz (Pe. Ps n, T) we obtain 


#2 (p2, pe, n, T) = Ve {- pO [Ys (0) — Fi (to— 0) + ¥alto + 0) — Vs (tg + 2m) 





TO pRB — p?’B 
['¥2 (to — n) —¥2(0)]— =" [Fs (t, + 2n) — Ys (to + Mf — eT + 23, (m8 
where v% Vin | | 
C = pe— pT. {Iil.9) 


The values of the range and height are determined in the following manner: 
t—1 


zu(p2, pn T) = \ mdb +o + a) (—0) 
0 


tat+2n 
+ ( Az, ,, (8) d& + (T —t, —2n) Ax,, (tq + 2m) + 297 + 22 
ten 
=F (Mt Br +O) + By + O)) + AT +24 (101.10) 


75 (p%. Pe uo T)= wet p, Oy + (Cc — p,B) (2+) +-(C—ppB,) (@; + ®s)] 






































T? 
i lhe bli (111.11) 
where 
= (647) [¥1 (0) — Vi (to— 9) + V1 (to +0) — Fi (tg + 20)) 
+VEFE—VOFR—m Fh + VOT +H +h —VO Ft, + 2m + A, 
B 
o, = _” (¥2(to—4)—¥2(0)], Os = —2- [Va (t, + 2m) — Va (to + I), 
Va ~ 
She) _2, cs) 
= — Arsh 
y= are Arsh Ve s Vi ‘ast 
: ats 1 —a (to— 1) 
D a ee Ar sh — ae Arsh 7 =" 
V inten V As, Aan 
ay = bF + Ai, 
b A, 
b= 2, ait ay, = bi, + Ap gs tay An =a 


B, For optimal controls of type A the entire interval [0, T] is divided into three portions: 0 = t < €, where 
wy (t) = 0; € < t< ta + E, where wy (t)=1, andt, +— < t = T, on which wy (t) = 0. For the parameter ¢_ in this case 
we take ¢ =€, the beginning time for the active portion. The following relations for the A-regime are consequences 
of formulas (111.7), (111.8), (111.9), (111.10), and (111.11): 





a1 (of, Pe 8.7) =—-(0;— “a ) +24, au.) 


Va Van 





1.7) 


























: ( 09°C — 78s r (1.14 
» Pg» & = sf | - — + 2°, 
ws (pp P, E T) Va P; 1 Ven 2 g. 
118) salah Bb TN [P+ TO; +E ©, +0; + a. |+er+e. 
4\Poq 5 &» Va 1 V a Vaya 1 (111.15) 
11,9) 
zs(p2, pt. &. 7) = ral — peb+TO? + (C — p§B,) B®, 
as 1 
rae — 5+ = ae _ ] oa + 2°T + 2° (111.16) 
setae 5 1% ) ‘ 
od Q 
ove - . ger a—by, 
10) eee ro NO icine iy sere aanenaeeneraaes Tae 
=VG+EP+A—VOFEFE +4, 
1—at 1 (111.17) 
1) 2 Nag Rie wiiie., ia ate 
| = = — Arsh . 
—" V bx Vag 


In (111.13- 17) the quantities with index € are determined by the formula in sec. A, Appendix III, in which one 
should always replace n by €, in which Bg =B+€, By =B +€. 
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AUTOMATIC OPTIMIZATION OF SPACE DISTRIBUTION, III 
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Design principles for the elements of equipment intended for the automatic synthesis of space dis- 
tribution optimization systems considered in[1] are presented. 


1. On the Automatic Synthesis of Automatic Search Systems 





It was noted in [1] that in the solution of certain problems connected with the design of space distribution systems, 
it is not always convenient to use analytic methods. In particular, these problems are: a) the finding of the optimal fom 
of test action, b) the synthesis of circuits operating in accordance with the chosen form of action, c) the determination 
of the coordinate converter coefficients, d) the choice of optimal time intervals between measurements of increments 
for a given range of variation of the inertial element parameters and the nonlinear characteristics of the system, e) the 
determination of the optimal step magnitude in the presence of random noise, and others. 


For the solution of given problems a set of equipment has been developed which we have called the automatic 
synthesizer. 


The question of the necessity for developing apparatus for the automatic synthesis of automatic control systems 
was, as far as we know, first posed by A. A. Fel'dbaum [2]. Together with R. I. Stakhovskii he developed one of the 
basic units of the synthesizer — a multichannel automatic optimizer which permits determination of the extreme values 
of a function of 12 variables in the presence of supplementary constraints [3]. 


The automatic synthesizer contains the following basic units: 


a) multichannel automatic optimizer for finding the extreme values of a function (in the presence of one or 
several extremals for the function); 


b) a linear filter, whose parameters can be varfied by the action of automatic optimizer voltages; 
c)a controlled nonlinear converter with a single input; 

d)a controlled nonlinear converter with two or more inputs; 

e)a controlled model of the object, including both linear and nonlinear elements; 

f)a voltage memory unit [4, 5]. 

The design principles for the above units are presented below. 


The automatic synthesizer, generally speaking, permits determination of the best structure for the control 
apparatus of a given class of automatic systems. However, one of the most important fields of application of the syn- 
thesizer is the solution of problems connected with the design of optimal automatic search systems and, in particular, 
systems for the autornatic optimization of a space distribution, The synthesis of these systems is connected with the 
solution of a number of complex variational problems for which the methodology of solution is relatively weakly 
developed at the present time. 


2, Automatic Optimizer 





The automatic optimizers proposed by A. A. Fel'dbaum and R. I. Stakhovskii permit carrying out the search 
for extremal values of a function F of several (up to 10-12) variables (x,, xg, . . . , Xp) by the method of steepest 
descent or the gradient method [2, 6]. Our investigations have shown [6] that a given form of optimizer will permit, 
as a tule, a fairly rapid and accurate determination of the extremal values of a function even in the presence of 
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several supplementary constraints on the region of permissible variation of x, x, . . ., Xp- 


The present optimizer can be used when the function F has a single extremum. In the presence of several ex- 
treme values of the function (or in the absence of a proof on the presence of a single extremum) it becomes necessa’y 
to examine the entire range of variation of the variables. An optimizer has been worked out for such investigations, 
operating on a scanning method. 


It should be remarked that in scanning, the search time Ts strongly increases with the number of variables n, ard 
therefore this method can be used only for small n. Thus, if each of the p variables takes on m values during the scan- 
ning process and the frequency of change of variable in the model of the object is equal to f, we have 


T, =m" /f. (1) 
Let m = 10, f = 1000 cps, and n = 6; then T, = 16,7 min. 


A block diagram of the optimizer AO is given in Fig. 1. The optimizer includes the drive unit 1, a compatator 
2, a memory unit 3, a limiting block 4, and a clock generator 5. The object of search O (or model of the object) is 
shown at the right. 


The values of the input variables x;, xg, .. , xX, are applied to the object in- 
puts from the n drive units, equal in number to the object inputs. The drive unit is 
an operational amplifier [7], whose input voltage is taken from the cathodes of a series 
chain of cold-cathode thyratrons. The number of thyratrons in the chain is defined by 
the number m of values taken on by the quantity x; during the scanning process. 

















The thyratrons in the chain are fired in turn by the clock pulse generators; this 
varies the voltage at the output of the operational amplifier. 


Fig. 1, 


In the optimizer model developed by us each of the variables can take on 10 values. Consequently, the ratio of 
frequencies of successive variables is 10, The maximum frequency is taken equal to 1000 cps. 


The comparator obtains voltages from the object O and the memory unit. 


In searching for a maximum of the function F,an instruction for storing a new value is given only if the voltage 
at the output of O exceeds the voltage in the memory unit. Then an instruction is given for storing both the new value 
of the output function of the model F, and the new values x;, Xg, . . ., X,, Corresponding to the maximum of the function 
F in the region investigated. The memory unit permits storing voltages to two significant figures. It consists of an elec- 
tronic servomechanism using cold-cathode thyratrons. 


Sometimes, from the conditions of the problem, the search for an extremum of the function F may be carried 
out only in a region for which the function H (x;, X,, . . . , Xp) does not exceed given limits. 


In the automatic optimizer circuit a limiting unit is included which permits storing of new extremum coordi- 
nates only when the given conditions are observed. 


3. Controlled Linear Filter (CLF) 








The controlled linear filter consists of linear networks whose parameters can be varied by the action of external 
potentials obtained from the automatic optimizer. The need for such devices arises in the automatic synthesis of auto- 
matic search systems which satisfy the given requirements with regard to search dynamics and noise effects in the best 
manner, 


The CLF contains amplifiers with variable gain factors, delay networks with variable time constants, and tuned 
networks, permitting variation of the natural frequency and decrement. These networks of the CLF can be inter- 
connected in any arbitrary manner. 


For the variable gain amplifier we use a multiplying circuit MC (Fig. 2a). Here the gain factor 


k= Vout/Vin= Ve (2) 


is proportional to the control voltage V,, (a is the proportionality factor of MC). 





































































































Vin Vout A block diagram of the inertial circuit is given in Fig, 
. - MC ;-* 2b. Here AMP is an operational amplifier. The transfer 
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The parameters of this circuit (k,% , Ww») can be varied under the action of voltages Vc-, and Vc-2. 


To construct the controlled linear networks (CLF) a simple MC [8] was used, permitting variation of the linear 
circuit parameters over wide limits. 


4. Controlled Nonlinear Converter with Single Input (CNC-1) 





It is well-known [9] that for the realization of an optimal search law the extremal system should include non- 
linear converters with one or several inputs, which are used for reproducing nonlinear functional dependencies among 
the variables. The forms of these dependencies can be found analytically only in the simplest systems [9]. In more 
complicated cases the solution of such problems must be carried out using a synthesizer. 


Let us denote the input value of a nonlinear converter by x and its output quantity by y. The form of the function 
y=f (x) (9) 
is not known in advance and, as noted above, must be found by the synthesizer in the process of automatic search. 


In the problem of the controlled nonlinear converter with single input (CNC-1) there is included change of the 


form f under the influence of the automatic optimizer output voltages (y;, yz, . . -, Y,)» There are 11 such voltages 
in the CNC-1 which we have developed. By their means the function is reproduced at 11 points (x,, Xg, . . -» Xi) 
(Fig. 3). 


The function is approximated by linear segments at equal intervals between these points. 


A block diagram of the CNC-1 is given in Fig. 4. The converter can be divided into two subunits; the subunit 
of stepwise approximation (to the left of the broken line) and the linear approximator. The input voltage to the con- 
verter x is applied through the voltage dividers to the resistances Rat the inputs tothe trigger circuits T,;-T,,. The vol- 
tage dividers are calculated so that each of the trigger circuits will operate at determined values of x (the trigger 
circuit T; with x = x,, T, with x = xz, etc.). 
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The trigger circuits control the electronic switches Ky-Ky. In 
y the circuit full lines indicate switches opened by the trigger circuits, 







































































broken lines, switches closed by the trigger circuits. Each of the trigger 
circuits (except the end ones) operates two switches simultaneously, Witt 
4 this circuit, one of the voltages y,~yy with odd index (yp) is applied to the 
input of amplifier AMP, and with even index (y,) to the input of AMP,. 
The values of the converter output voltages (yen-4. Yen: Yen +1) 
for three values of x (Xgn_1, Xen, Xgn +,) ate given in Fig. 5. In the 
intervals between points the function is approximated by line segments 
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According to (10) and (11) the approximator circuit (Fig. 4) includes the multiplier circuit MC, the special 
nonlinear converter NC ,and the output amplifier AMPs, The output voltage of NC varies according to the law shown 
in Fig. 6. Here A = | Zon—1 — Ton! = | Fon — Ton+1|= const. In functioning models of CNC-1 the input and out- 
put voltage scales cover the range + 100 v. 


For the purpose of shortening the duration of process optimization the search should be carried out rapidly. There- 
fore,the CNC-1 should have a wide frequency band. In this connection attention was given during the development 
work toshortening the transients in the trigger circuits and switches. 


In the model developed the switches operated within 8-10 y sec after a change of x. 


5. Controlled Nonlinear Converter with Two Inputs (CNC -2) 





The output voltage of the nonlinear converter with two inputs (CNC-2) is a nonlinear function of input voltages 
xy and X2 


y =F (%, Xp). (12) 


In CNC -2 as in CNC-1 the form of the function f is found during the solution of the problem in the automatic optimi- 
zation system. 


The CNC -2 developed reproduces a function of two Variables by its approximation by segments of ruled surfaces, 
Before developing the converter it was necessary to estimate the error caused by the approximating function, for the 
purpose of finding an acceptable number of approximating segments. It is shown in the Appendix that in approximating 
an elliptical paraboloid, described by the equation 

i xt (z3— 50)? 
1000 250 3) 
on the segment — 100 < x < 100; 0 < x, < 100 the error does exceed 0.5% of the maximum value of y, if the number 
of approximating segments is equal to 100. 
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Fig. 7 


The block diagram of a converter reproducing a function by 100 segments of a ruled surface, is given in Fig. 7 
(subunit of stepwise approximation) and in Fig. 8 (liner approximator). 
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The stepwise approximation subynit consists of two series of trigger circuits (Ty-Ty and T*,-T*). The vol- 
tages x, and the reference voitage Vy is applied to the inputs of trigger circuits T,-T,, through voltage dividers, and 
the voltages x, and V, to the inputs of trigger circuits T*;-T* ,. These trigger chains operate in the same way as in 
CNC-1. The control voltages y,-y,,,are applied to the inputs of the electronic switches Ky~Kjyg;, Each of the 121 switches 
is opened by the simultaneous action of two voltages. One of these is applied to the switch trom a trigger circuit of 
the series T,-T,,, the second from the trigger circuit of series T*,;-T*,,. Thus, for example, switch K,, opens only if 
trigger circuits T, and T*s have operated. The switches close in the same way as in circuits CNC~-1 (in Fig. 7 the net- 
work for closing the switch is not shown). 
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A circuit of the approximator for the variables x, and x, is given in Fig. 8. 


The switches K,-Kyg; are divided into four groups. The input voltage to amplifier Amp, is obtained through 
switches opened by the simultaneous action of odd trigger circuits in the series T,-T,, and odd trigger circuits of the 
series T* ;-T* 4; (Yoo)sthe voltage to Amp, is obtained through switches connected with even trigger circuits of the 
series T,;-T,, and odd circutis of the series T*,-T*4; (Yeo); the input to Ampg through switches connected with odd 
trigger circuits of the series T,;-T,, and even ones of the series T*;-T* 4; (Yoo); finally,the input to Amp, through 
switches connected with even trigger circuits of the series Tj-T,, and the series T*,-T* 4; (Yee). Four voltages are 
applied to the approximator simultaneously from the switch outputs. As in CNC-1, a piecewise linear approximation 
to two fucntions of the variable x; (y* ¢ and y* 9) is realized, using the multiplying circuits MC; and MC;. At the out: 
put of Amp, the difference of these functions is formed. Similarly, the piecewise linear approximation for the variable 
X, is realized by means of MCg. 


The factors of the multiplier circuits Ax, and Ax, necessary for the piecewise linear approximation are formed 
in the same way as in CNC-1, using special nonlinear converters (not shown in the circuits of CNC-2), producing saw- 
tooth voltages (cf. Fig. 6). 


The output voltage of CNC-2 is taken from amplifier Ampy. It is equal to 


‘Y= Yet (Yo— %) Ary. a4) 


The CNC-2 is designed in the form of three individual units. Two of them are single-input converters CNC~-1, 
while the third unit contains the switches K,-Ky,; and the approximator elements. 


6. Controlled Circuits of the Search Object Model 





In the design of the automatic search system considered in [1], it is important not only to synthesize the optimal 
control apparatus for the given object, but to find as wel] the admissible magnitudes of the object parameters for which 











the search process would satisfy the prescribed requirements. For this it is necessary to be able to vary the parameters 
of the search object model under the action of automatic optimizer voltages. 


The design of linear circuits with controllable parameters has been considered above. 
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Fig. 9, 


We shall only mention certain basic types of nonlinear dependencies occuring in the search object, and the 
circuits for producing them (Fig. 9). In the figure we have put: V;,,-input voltage, Voyr-output voltage, V,,-control 
voltage, € - a variable parameter, Amp-operational amplifier, and T-trigger circuit. These circuits permit the re- 
production of dry friction (a), deadzone (b), limiting (c),and backlash (d). The parameters € in these circuits can be 
varied under the influence of the control voltages Vc obtained from the automatic optimizer. 


If more complicated nonlinear dependencies occur in the object, it is possible to use the universal converter 
CNC-1 for their reproduction. 


1. Voltage Memory Unit (MU-144) 





Fairly often the number of quantities taking part in the optimization process exceeds the number of channels 
in the automatic optimizer. Thus, for example, to obtain acceptable precision in the reproduction of a nonlinear 
function of two variables the function is assigned at 121 points in the controlled two-input converter. It is also neces- 
sary to apply a substantial number of controlled voltages to other units of the automatic synthesizers as well. Auto- 
matic search in these cases can be carried out successively in separate groups so that the number of variables in each 
group does not exceed the number of optimizer channels, 








With this form of search it is necessary to store the values of a large number of voltages and to apply them to ihe 
inputs of the controlled units. A sepcial unit MU-144 has been developed for storing voltages, consisting of 144 identical 
circuits (Fig. 10), each of which can store a single voltage in the range + 100 v. 


The circuit of the unit includes two cathode followers T; 
of and T;, polystyrenedC,)and paper (C,) capacitors, and switches 1F. 
and 2K, 





Ty Ty 


K With the position of the switch shown in the diagram, the 
eon | Vout input voltage (V;,) is stored on the capacitor Cy. During operation 
C y the contact 1K connects C, to the grid of T, during a short time in- 
T . terval(0,05-0,1sec), Simultaneously (or, more exactly, after a 
¥ small time interval) the contact of the second switch 2K connects 
the output of cathode follower T, to the grid of follower T, and 
capacitor C,. This last is permanently connected to the grid of 
T;, and discharges progressively due to the grid current of T;. During the time when switches 1K and 2K are closed 
it is again charged to the required value. 








Fig. 10, 


Since capacitor C, is connected to the tube grid only for negligible time intervals, it is discharged many times 
more slowly than capacitor Cy. 


All circuits of the unit are on interchangeable subunits, with a common switch. In the design of the latter 
particular attention was given to the insulation between contacts. 


The output voltage of the circuit (V,,,,,) differs from the input voltage since the gain factors of the cathode 
followers are less than unity. However, this is not an obstacle to the utilization of these circuits in the optimizer 
system, since during adjustment only the output quantity V_,,,, applied to the inputs of the controlled units is effective. 


In conclusion it should be noted that tests have shown that the precision of all the above units is acceptable 
for the solution of a broad class of optimal search system synthesis problems, The development of the complex of 
equipment was carried out in the Institute of Automation and Remote Control of the Academy of Sciences of the U. 
S.S.R. The units CLF, CNC-1, CNC-2 and MU-144 were developed with the participation of K. B. Norkin. A. V. 
Torgashin and V. A. Yakoviev took part in the development of the automatic scanning optimizer. 


APPENDIX 


The error of approximating a function of two variables by segments of ruled surfaces 





Above it was noted that with reproduction of a function y = f (x,, X%,) using CNC-2, the function is approxi- 
mated by segments of ruled surfaces. One such segment is shown in Fig. 11. Here the points My (X;)_1. %gm. Y1)> 
Me (Xin> Xe mm» Ya)» Ms (Xin> Xem—1» Ygh aNd Mg (X:n-4, Xem—1- Ya) lie simultaneously on the surface f (x, x) and on 
the ruled surface. 


The equation of the ruled surface is written in the form 


axyz2 + br, + cre + dy + i = 0, (15) 


where 
a=>y2— y+ ye — ys, 
= Zam (Ys — Ya) + Fom—, (Y2 — yr) + 2Fom (YA — Ya), 
C= — Fyn_y (ys + Ya) + 24, (2ys — Yd) + ZnYiv 
d = (ys — ys) (2p, — Zn); 
P= SemYe% in — Fem Zin—1¥3 — Zn—1%2m—1Y2 — 
— ViFqm—17 yn + Tom™in—1Y2 — Yi%nZ=om + Zom¥2 — Vi% jn 


Let us write the equation of approximation error 


3 (1, 22) = f (x1, 22) — y- (16) 
Here y are the heights of the points on the ruled surface. 
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Pig. 11. 


be approximated by 100 segments of a ruled surface. In this case the vaues of f (x;, x2) should be assigned at 121 


points. 


Let us assume that x, can vary from — 100 to + 100, and x, from 0 to 100, and that the approximation region of 
variation of x, and x, is divided into equal segments. Then 
Zin = Zn-, F 20, Tom = Zamn—, ¥ 10. (19) 


In this example the coefficient of x,x_ in equation (15) is equal to zero,and the function f (x;, X_) is approxi- 


mated by plane segments. 


The values of x, and xg corresponding to the maximum error 


are found from the equation 
O85 (21, 2) — , Ob(x1, 22) _ 
Oxy 7 apr. ' 
and 08 (x1, 22) 3) = 0 for %3=m, = m— 1; (17) 
dx, 
08 (x4, 22) 
OX 

The maximum value of 5 (x;, X,) can be found by substituting 


the values of x, and x2, found in solving equations (17), in equation 
(16). 


Let us consider an example. Let the function 


= 0 for =n, 211 = n— i. 


2 
f (1, 2) = in + OP (18) 
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Hence x; = Xn + 10, Xp =Xg,,— 5. Substituting (21) in (16), we find 6 (x,, x2) =— 0.2. The maximum of f 
(X;, Xg) with variation of x, and x, in the given range is 


From this we find the error relative to the maximum value of the function, 6 =— 1%. 


This magnitude of error can be reduced by a factor of 2 if at the nodal points of CNC-2 in place of £ (X, %) 


we put the function f (x;, x,) + 6/2. 
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An analytical expression is obtained for the mean square error in an extremal servosystem, Results of 
interest in engineering are derived. 


1. Introduction 





This article is devoted to the investigation of the extremal system described in [1]. Since certain extremal step 
systems of other types can be considered as particular cases of this system, the investigation has a general value, An 
analytical expression for the quality criterion of the system obtained by the author is used as a basis for the investi- 
gation, This expression is obtained in the first part of the article, In the second part, this expression will be used in 
the derivation of optimal characteristics for the extremal system considered. 


The block diagram of the extremal system is shown in the diagram. 


An oscillation x, is generated in the system, which is led to the input of the object and to one of the input of 
a multiplier, In the multiplier, the oscillation x, is first transformed into an oscillation x, and then multiplied with 
the output coordinate y of the object. In A, an averaging of this product is carried out over a time Tp. At the end 
of each period Tp, a pulse is tansmitted from the unit A to the input of the unit B which is proportional to the size 
of this average. It will further be shown that this average can be (with an error of the magnitude of the interference) 
taken as an approximate measure of the deviation from the extremum. In the unit B, the main component of the con- 
trol is developed — the function x,, which is then added to the oscillation x, giving the servosystem law for the 
extemum 


X = Xq + X%. 

As in all control systems, the extremal system above is realized by a certain combination of mathematical 
operations which transform the function y (t) into the function x (t). 

In the case we are considering, the extremal system can be described by the expressions 


co oo 


z(t) = \ [eg(t, 8) dn(s—ty) | 24 (8, 8) 4a, (0) y (8) 48] ds + 25 (2). (1) 


—20 —0oo 


Here x, (t) and x, (t) are symmetrical oscillations with period T, that have, in general, arbitrary forms except 
for the fact that for all values of t the inequality x, (t) x,(t)=0 holds, The ratio Tp/Tz = z is an integer, where 
Tp is the time over which the product 1/a xx (t) y(t) is averaged. The coefficient a will be specified below. The 
weight function is 


g- > 8—-Tr<9<s, 
Pp 


0, s—T,>6;0>s; 





8, (s, 9) = 


“In the present article, we use the same notation as was used in [2]. 
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Bp (ts s) is an arbitrary stationary weight function, 5, (s — tp) the Dirac delta-function, and the tp are equally spaced 
eases of time with the constant interval Tp In as expression (1), the quantity tp is considered as a function of s, 
which is for s = tp equal to tp and for other values of s equal to zero, 
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The extremal system of the chosen form is therefore determined by the three arbitrary func tions 8p (t, $), 
X(t), Xex (t),and the number Tp- 


The object of control (see the sketch) is assumed to be inertialess and to have a static characteristic which is 
given by the displaced parabola* 


Y= Vm — (X= Xp), (2) 


where x and y are the input and output coordinates of the object,and x, (t) and y,,, (t) are the coordinates of the ex- 
tremal point of the characteristic. We will assume that x,, (t) and y,, (t) are stationary random function of the time. 


As a criterion of the quality of control of the object, and consequently as a criterion of the quality of the ex- 
tremal system, we use the expressionss 





4 
: 1 
K =y,,—y = lim > \ ly, () —y (lade. (3) 


This quality criterion is the error in following the extemum. The smaller the value of K, the better the quali- 
ty of the extremal system. 


The problem consists of finding the optimal characteristics of the extremal system that will ensure that K is a 
minimums*** , 


With this object in view, we derive below an analytical expression for the value of the quality criterion K in 
terms of the given characteristics Xin (t) and Yon (t) of an object with the given structure (2) and in terms of the arbi- 
tary characteristics gp (t, s), Tp Xq (t) and X_q (t) of the extremal system (1). 


2. The Equation of Motion of the System 





In order to obtain an analytic expression for the tracking error, we need the equation of motion of the system 
OC (made up of the object O and the extremal system C), and its solution x (t) in explicit form in terms of Xm (0 


*The constant in the equation of the parabola is taken to be unity, as this can always be brought by introducing a new 
variable x, 

** Note that we always have y,, —- y=0. 

**¢ The formulation of the problem and the method of solution we have indicated were communicated at the confer- 
ence on the theory and application of discrete automatic systems held on September 26, 1958. 








Ym (t), and 8p (t 8), Tp » %q (t),and %, (t), The equation is (for the derivation of this equation, see the Appendix to 
this article) 


co 


(1) = |g (ty 8) lam(s) + Mm (8) + 8 (s)] ds + 20th 


—oo 


(4) 


My (8) = ax (8) Yon (8), 


where the weight function Bc (t, 8) is given in terms of the weight function gp (t, s), 5, (s— t))and Ba (8,0). The 
equation (4) has on the right-hand side the term € (t) =~ (1/a xg (t) (x1—- Xm ~ a(t), which is nonlinear relative 
to xy. This makes the equation (4) nonlinear and solvable for a non-explcit relation for x(t). It will be clear from 
what follows that the term ¢ (s) is not essential,in the final analysis, to the problem in question. 


Before we begin to derive the expression for K, it is pertinent to consider several points concerning the equation 
(4). 

A, From the expression (3) for the quality criterion, we obtain, after the substitution in it of (2), the result 
K = (x - Xp)’. It thus follows that for an accurate solution of the extremal-control problem it is sufficient to follow 
one of the coordinates x,,, (t) of the extremum without any error. It is obvious from the expression (3) that the presence 
of oscillations in the other extremum coordinate Vu (t) is not essential, In actual fact, however, these oscillations 
have an effect on the tracking process. From the equation (4), it follows that the oscillations of one independent ex- 
tremum coordinate y,,, (t) appear as interference in the tracking of the other independent coordinate x,,, (t) of the 
extremal system. Acutally, to the function x,, (t) which is to be tracked, we must add the component ny (tj =1h 
x (t) Ym (t) containing the oscillations of y,,, (t). 


The oscillations of y,,, (t) appear as interference, independently of whether they are random or regular. 


B, We note, relative to y,,, (t), that two separate components of the variation of the coordinate of the extremum 
Ym (*) are usually considered: the “high-frequency noise", and the “slow creep". It is evident from the expressions 
(2) and (4), however, that both these components can be considered simultaneously. 


C, From the equation (4), we note one peculilarity of the extremal system compared with a tracking system. 
The equation of motion, written in the form (4), shows that for extemal contol we must track x,,, (t) after filtering 
out the interference ym (t), But the value of x;, (t) cannot be measured, An extremal system thus has a relatively 
complicated measuring device for measuring the mismatch Ax; = x1 — Xp. It is described at the beginning of section 
1 and in [1], and is a correlator with a finite time of correlation. This device measures the derivative of the measured 
mismatch, 


In ordinary servosystems, a subtractor is sufficient to measure the mismatch. 


The differences we have described, that necessitate the use of different devices for measuring the mismatch, 
determine the features of optimal-extremum-system theory that differ from those of optimal-servosystem theory. 
In the theory of optimal-extremal systems, a more important place is occupied by the determination of the optimal 
characteristics of the measuring apparatus. 


3. The Expression for the Quality Criterion K 





The analytical expression for K= K (X,,. Ym; Spe Tp» Xp» Xe) is derived in the Appendix from the relations 
(3), (2),and (4), The final expression for K is most conveniently given as a chain of successive relations: 


K=K,+K,= Kix,,+ Ky, + K2+ k, (11°) 
caer 
K, == \ 23(0) a0, (1°) 
0 
Kis = 2 \ gor(t) ARsg, (1) de — \\ g(t, 0) A Re,,(t — 9) de d8, (7°) 
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ARx,,(t) = Rx, (0) — Rz,,(t1), 1 =t—9, (6°) 
1 Ys 
Ba (t) = 7 g,,(u, w — 1) du, (4°) 
Tp 
Bo(t.0) = 7 \ (uv, u— 1) 8, (u, uO) dn, (5) 
mi (5) 
K sum = oF | \ B(t, 0) Rey, (tT — 0) Ry, (t—0)drd0, (10°) 
T; 
a = 7 ( Lo (U) Loy, (u) du, (8°) 
Ts 
Ry,,, (0) = rn \ Lox (Ut) Loy (U — T,) du. (9") 


0 
Here k is a nonlinear term related to € (t), and it can be shown in our problem that it is relatively small, 


The functions Rx (7 4) and Rym (7 4) are correlation functions for the laws of variation of the coordinates of 
the extremum X(t) and yrp (1). ie 


The weight frunction g¢ (t, s) is determined from the system of equations 





gy (t, 8) = Dien ts ty) By (to §)> (2°) “ 
got 9) = By (t )— \ gol wey u, s)du. (3°) 


The calculation of the value of K for given characteristics 8p Tp» Xp and Xx of the extremal system (1) is per- 
formed in the order indicated by the numbers ( 1+ ) — (11s ), 


We now comment on certain points relative to the expression (5). 


A, The following conclusion can be drawn from the expression for K: The"simplicity" (or “complexity”) of the 
system OC is such that, for the calculation of K and for the derivation of the optimal characteristics of the extremal 
system, it is not necessary to know the laws x,,, (t) and y;p (t) themselves. It is sufficient to know their correlation 
functions, i.e.,the linear extremal system that we are considering “varies” with the functions x,,, (t) and y,,, (t) only 
relative to their correlation functions Rxm (7) and Rym (tT). 


A similar conclusion is obtained in the theory of optimal servosystems for any linear system. 


In addition to this, the quantity K and the optimal characteristics of the system C are not directly dependent 
on Rx,, (O) but depend only on ARx,,, that is,on the form in practice of the correlation function in the neighborhood 
of r; =O. In other words, K is independent of the “amplitude” of variation of the position of the extremum xp (ft), 
and it depends on the “smoothness” of its variation. 


This result permits a significant reduction in the extent of the characteristics that must be obtained from the 
object for the optimal adjustment in the case of a linear extremal system. 


B, The component errors of tracking due to the variations of x», x,,»and y,, are independent, This property of 
the system OC permits a great simplification in the experimental and analytical investigation of an extremal system, 
and also in the representation of the final results of investigating the dependence of the size of the minimum tacking 








error Kmin on the tracking conditions. Such a possibility only occurs in the case of a parabolic characteristic, We 
note that in the case of a parabolic characteristic, Ky is independent of Ax, and Ky. 


\ 

C, In the case of a parabolic characteristic of the object, the quality criterion K in (3) reduces to the mean 
square error, This mathematically convenient quality criterion accurately reflects the technical requirements for 
the quality of an extremal system in the case when the output coordinate of the object satisfies the following con- 
dition: its supplementary decrease is equivalent for any y. This condition is satisfied by output coordinates such 
as efficiency coordinates, net cost, etc. If the output coordinate of the object is of another nature, then it can happen 
that the mean-square -error criterion will only approximately reflect the technical requirements. Such a situation 
occurs, for example, in radiolocation systems. It is known, however, from the theory of optimal servomechanisms, 
that the same system can be optimal for various quality criteria [2]. 


APPENDIX 


1. Derivation of the Equation of Motion for the System OC (4) 





For the sake of brevity, we introduce the linear-operation symbols 


Az (t) = \ g,(s, 8) z (8) a6, 


Bz (t) = 8p (t, 8) dp (s — t,) 2 (s) ds. 
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Then the extremal system (1) can be given in the form 


1 
z=BA [2m] +2, or r=C[y, c}, (1.1) 
where C is a nonhomogeneous, linear, nonstationary operator, transforming the function y (t) into the function x(t), 
and independent of the arbitrary characteristics c = gp (t,s), Ty» Xe (th and Xx (ft). 
We must now obtain (4), ice.,we must express x (t) in terms of the functions x,, (t), Yr) (t) and c. 


From the general expression for x = xy + 2, we see that we must obtain an expression for x; only, since the 
component x, is at our disposal, and is therefore known, 


From the notation, we have Ax = xX — Xpp = Xy + % — Xpq = (Xy —Xpp) + Xe = AXy + X, where Axy = Xy — Xp. 


We make a preliminary transformation of the expression for y: 


Y= Ym — Ax? = Vm —~ (Az, + 2)? = — 2A x12. + (Ym — Axi — 23). (1,2) 
We now substitute (1.2) into (1.1) and consider the transformation of A only: 
a(t ‘ a(t Az? — 22) 
a 7nd |= a|— a 2Ax, 22%, | + | 7a (Ym — 42) — #5) (1,3) 


In the first term of (1.3) we break up the operator A, and divide the interval of integration into subintervals: 


totTp e 
1 2 2 1,4) 
A| — Gy 2Aa zr, = aT. \ Az 2x2r,,d6 = ar. > \ Az,222,,.d0. ( ‘ 
D 2i 


The mean value theorem for integrals is now applied to the last expression in (1.4); the conditions of applica 
bility of this theorem are satisfied, since x, (t) Xgq (t)2 0 for any t. We denote the point between the limits of in- 
tegration in this theorem by 6jBH. Then the right hand side of the expression (1.4) can be written in the form 
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— >) 421 (Bien) ) 2% qu. (1.5) 
ixt 2i 


The integral in this expression is independent of i, and so we can reverse the order of integration and summation. 
The expression (1.5) becomes 


T; z 
“sp (f *%y(10) » Az; (Oipn)- (1.6) 
Po i=1 


On multiplying and dividing (1.6) by T,, we now obtain 





T: — , 
—# 7.( { =22,,0) >) Azs (8; on) Te- (1.67) 
0 re | 


We now define the arbitrary coefficient a by 


and the expression (1.6°) takes the form 


z z z 

i i 

i > Azx(9; 5) T: = T > Az (8; op) Ts <= Tt. > a,7. (1.7) 
P in P txt P imi 


In (1.7) we use the notation aj = Ax, (6 jpH) — Ax, (8 icp) where 9 icp is the point of the period T,j,where Ax; 
is equal to the mean value Axicp for this period. 


Ts 
We now transform the first sum in (1.7).Using the fact that Az,,, = r \ Az, (6) dQ and taking into account 
2 
0 


the structure of the Operator A, we obtain 


z z T 
i 
a > Ax, (9; op) T2 = — - > J Az, (8) d6 = - ( an (8) d6 = — A[Az). (1.8) 
P imi P i=1 To Po 
The second term in (1.7) yields 
z 
iw 
~— a,T, = — A [a]. (1.9) 
P im 


The expression for a is derived in Section 7 of this Appendix. We consider the term a separately from the main 
part because in our problem it is, in the final analysis, not essential. 


When we use (1.8) and (1.9) and the fact that a= #424 | == 0, the expression (1.3) can be written as 


1 
A [=a] =A [— Am + al, (1,10) 


where n= lf %ex Ym — lfja %xA% eg Aym +€ [see (4)). 





Corresponding to (1.1), we transform (1.10) by using the operator B, and obtain 
x= V[-Ax% +n), (1,11) 


where V = BA and V is thus a linear operator. On the basis of the fact that Ax, = x, ~ x,,, we make a series of obvious 
transformations of Eq, (1.11) and obtain 


Ixy = V[— xy +X, +), (1+ V) y= V(x, +0) (1,12) 
where I is the identity operator. 
We now introduce the operator Q~! as the inverse of (I + V), which consequently satisfies the equation 
Q(1+ V)=1, (1.13) 
Then from (1,12) we obtain 


X= G(x, +o], (1.14) 
where G = (I + V) “Vv. 


The equation of motion (4) of the system OC is now obtained from (1,1) and (1,14) 


x= G[x,, + 1) + x, (1.15) 


Certain comments follow on the derivation of the equation of motion (4). 


1 
A, We first of all explain the physical significance of the Operator A [= zy | » which determines the deviation 


from the extemum. Firstly, itdetermines the mean over the time T,, of the value of the derivative dy/dx at points 
of the objective characteristic removed from the extremum by Ax, (t), where t varies from 0 to T,. Besides this, 

the mean value of n(t) is obtained as a result of measurement. The quantity Ax, is unknown, and is, in fact, an 
object of the measurement. The derivative dy /dx has a functional relationship with Ax. The mean value of dy/dx 
can thus determine a certain mean value of Ax. In this connection, the quantity Ax, appears in the results of applying 
the transformation A (1.10). Since dy/dx depends linearly on Ax, for a parabola, the cuantity Ax, occurs to the first 
power. 


B. The expression 1/a x, y, when the transformation A is applied to it, is written in the form Ax; (t) + n(t), 
where n(t) is the interference. After applying the transformation A we obtain another function, which is the output 
of the unit A (see the description of the system in Section 1), which can also be written in the form Ax, (t) + n® (ft). 
Since the extremal system is a pulse system, there is a sense in which we can consider the output of the unit A at the 
instant of time t, only. For the time t,, the interference ne (t) has the form n* (t,) = Ax (t)~ Ax; (tp) + 2(0» 
where the bar denotes, as usual, the méan of a quantity over the time Tp. Consequently, at the output of the unit 
A, the error in measuring the quantity Ax; (tp) is related firstof allto the measurement mean, and second to the 
presence of the component n (t). 


For the method of application in the present paper, the error arising in the unit A is not separated out; it is 
formed by the general linear transformation G. 


C, The expression (1.10) can easily be obtained if we assume that the fluctuations in x, and Xgqx are rectangu- 
lar; in this case the coefficient of Ax, in the expression (1.3) is unity. We will consider a more general case than 
this, in order to be able to find the optimal form of the variation of x, and xx. 


D, In practice, the derivative dy/dx is calculated by the appartus A in the form of the incremental ratio Ay/A*. 
In the case of a parabola, we have dy/dx independent of the amplitude of the test oscillations of x,. 


E, We note that the oscillations of x, and x, can also be random. 


2. Derivation of the Equations (2¢) and (3) Given in (5), Relating the Weight Function 
BG (t.s) tO ga (t,8) and 8B (t,s) 5 (6 — tp) 








We can show that the weight function for the operator V = BA is given by the expression 


co 


y(t, 0) = >) aplt, ty) &, (ty, 9)- 
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It remains to show that if the operators V and Q™ are given [Eg. (1.13)], then the weight function of the oper- 
ator G = Q=!V is determined by the integral equation (3¢ ) of the system (5). 


In operational form, the equation (3¢ ) is obtained from G =(1 + Vv) ‘vas follows: 
(1+ V)G=(1+ V)(1+ V)4v\1+V)G=V, G+VG=V, G=V~-VG. 
When we write this relation out in detail, we obtain (3¢ ), 


3. The Derivation of K = K (x... Ym: ©) 





From (3) and (2), we obtain 





K*7¥.~¥* Ax, Ax = xX~ Xp, 
i.e.,in our case, the quality criterion K reduces to the mean-square-error criterion. If we use the fact that Ax = 
Ax, + Xg, and assume for simplicity that the mean-time Ax, % = 0, we obtain 
K = Ky + Ke ’ 
where Ky = AX is the component of the tracking error corresponding to the tracking error that would occur in an ordi- 


nary servomechanism it if were tracking x,,, (t) in the presence of interference, and Ks = 23 = x { x, (t) dt is the 
2 
ry 


component of the tracking error K due to the supplementary oscillatory motion of x, that is necessary in carrying out 
the measurement of Ax, (t). The component Kg is thus already expressed in the terms of the characteristic of the 
system OC, It remains to obtain the expression for the component Ky. If we use the fact that Ax, = xy ~ xm» We 
have 


as da 
Ky = (xy _ Xm) 


We now use the equation of motion of the system (1.15). If we assume for simplicity that the mean-time 
= 0, we obtain 


Xm Ym 
Ky = Kix + Kiym + k, 
where 
Kix = (GXm)> G*G~I, (3.1) 
a. 
Ky = (Gny,) 7 Ay = 1/& %xKYm- (3.2) 


The term k is related to the functione (t). In the second part of this article we will estimate its size, and it 
will be shown that in our problem it tends to zero for an optimal extremal system 


In order to simplify the form of subsequent transformations, we will introduce them on the basis of identities 
which are first derived in other parts of this appendix. We now give the transformation scheme. 


If we use the identity (4.2), then from (3.1) and (3.2) we obtain 


Kix, = GuRxm (7 1) (3.3) 


where G, . and Go are linear operators. Thus,the component of the tracking error due to the variation of the position 
Xm and the size yr of the extremum is obtained by a linear transformation of the correlation functions Ry and 

Rn m* If we use the identity (5.1) in (3.3), we obtain the final expression for K,,__ in the form (7 ) of the system 
(5). By using the identity (6.1) in the expression (3.4), we transform the correlation function Rnym (r 4), and the 
error component Kiym is obtain in the form (10+ ) in (5). 


4, The Derivation of the Identity (Gyz (ty? = GIy Ry (rt 1) 








We carry out this derivation using the notation corresponding to that used in the transition from (3.1) to 3.3). 
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We note that the identity (4.2) is also used in obtaining (3.4). In this case, we also use the correspondence in 
notation Gj ~ G and Gj, ~ Go. 


It is therefore necessary to prove the following. 


If the nonstationary part of the weight function g; (t, s) of the integral operator G is periodic with period T 


i.e,, if P 
By (t, 8) = gy (t+ Ty s+ Tp), (4,1) 
and if, in addition to this,z (t) is a stationary random process with correlation function Rz (Tr ), then 
(G,z (t))*= G,,R, (1%), (4,2) 
= 
Gyylu (t1)) = \\ 67, (9, t) u(@ — +) dtd (4,3) 
—co 


is a linear operator, where 


Tp 
1 
81 (0, t) = rT. \ 8; (s, s — 8) 8; (s, s — T) ds, (4.4) 
0 


with r;= © — Tq and Rz (1,4) the correlation function, 


For the proof, we write the left hand side of (4,2) in the form Gjz{(t) Gj Z(t) and consider the product 


co 


G z(t) G,;z(t) = rf g (t, r) 2(r) ar|[ | 8, (t, u) 2 (u) du] = 


—oo 


= \\ dr du gy (t, r) gy (t, u) z (u) 2 (r). 


—oo 


If we use the fact that the averaging operation with respect to time can be introduced under the integration 
sign, we obtain 


co T 

ase ih 
i dr ou ties Yi \ By (t, r) g; (t, u) z (u) 2 (r) dt. (4.5) 
—oo —T 


We fix r and u relative to the time t, and set 


uzt-—r, r=t- 96, (4.6) 


where T and 6 are fixed quantities, Thus, u andr are variables in the integration with respect tot. After this change 
in variables, (4,5) takes the form 


if (4.1) 
\\ dvd@ lim oF \ By (t, ¢ — 8) a; (t, ¢ — 0) 2 (t — %) 2 (tt — 8) dt. } 
—oo —T 


The change in variables (4.6) does not alter the value of the double integral, as can be verified by calculating 
the corresponding Jacobian. 


When the variables are related by (4.6), then from (4.1) we have 


gy (t, t— 7) gy (t, t— 6) = gi (t+ Tp, t+ T, - T) gy (t+T ,t+T 


p p~ @). (4.8) 
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We consider the integrand of the inside integral in the expression (4.7) at the times » with distance between 
them of Tp, and which are displaced relative to the times t, by the fixed time " sthus,€ 5 i +t, 


The integrand in (4.7) thus possesses the property that at the times t p* the factor ai it —T) gy AE 6) 
takes identical values. When the times change (for a change in t ), then the value of this factor also c sabes in 
general. 


Taking into account what has been said above, we transform the internal integral in (4.7) 


T 
lin im J 8; (t, t — *) ge, (t, t — 0) 2 (t — 1) 2 (t — 8) at. (4.9) 


We divide up the range of integration (T, — T) into subintervals, set T/T, = N, and obtain 


‘ N ‘p44 
jim 3 \ g(t t— De, (t,t—-O2t— )2(t—O) ae. 
p=—N ty 
N Tp 
= lim op a I &x(tp+ - tt t’ — %) 6 (tpt t’*, ty+ t’— 8) a(t, +t’ — t)2(tp tt’ —§) dt’ 
p=—N 0 
% "y 
=x lint an \ yy (t+, to +t’ — g(t, +t, to +e’ —O)2(t +e t+ t’—6)} dt’ (4.10) 
T-+00 27 Pa Pp r*p 8; (t, »*p 7 z(t, —Ta(t, t'— 0) . . 
0 p=— 


Here we have used the fact that t, = tp + {, and that we can interchange the order of summation and integration. 
As we showed above, when t” is fixed, the factor (4.8) is independent of p, and so in (4,10) it can be taken out from 
under the sign of summation with respect to p, and the index p in it suppressed, for example, by setting t, = t =0 = 0. 
Weobtain for the right hand side of (4,10) the expression 


mag N 
dim n oF ert’ — 8, (', # — 8) ae (pee — det, +e — 0) ]ar (4.11) 
pr 


When we now take into account the fact that the limit with respect to T refers only to the sum in the integrand, 
(4,11) can be written as 


ip N 
\ {e, (’,t°'— De (t,t — 6) lim 3 2X (p+ t — Date — 6)} ae’. (4,12) 
. 


0 


If we now refer to the fact that the process z (t) is assumed to be stationary, we see that the limit of the sum 
in (4,12) is independent of the time displacements tb = +t”, i.e.,it is not dependent on the value of t”. The 
summation with respect to p can therefore be taken out from under the sign of integration with respect to t~ 
constant factor, and we can subsequently sett” = 0, The expression (4,12) now takes the form 


T. 
rf gy (t,t — 2) eye’, t — 8) ar’|[ 1 lim im 5 5 z(t, — %) z(t, — 6) |. (4,13) 
0 D=—N 


We now change the notation for the summation variable in (4,13); we replace tb-T by tp. and then tp— @ 
will become w+ Tr 6, and the sum in (4,13) becomes 


'T+co 


N 
lim om >) tp) z(t) + wd, 
p=—N 
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where 


T-@O= Ty 
It is known [3] that 
= 
{ 
jim oF 2 z (t,) 2 (t, + 1) = T*; (t;). (4,14) 
p=—iN, 


If we use this result, the expression (4.5) can be written 


co 


\\ dv d0g,, (t, 6) R, (« — 8), 


—co 


where we have used the notation of (4.4), We finally denote the operation (4,3) by Gjy, and obtain the identity (4.2), 


5. The Derivation of the Identity 





Gy,R,(%) = 2 So (HAR, (t)dt — \\ Kolt. PAR, (t— O)drdd 


In this identity, we use the notation of the system (5)[see (4 ), (5* ),and(8* )]J, and also set G; = G—I [see 
(3.1)), 
For the proof of this identity, we write the weight function of the operator G; = G—I as 


8 (t. 8) = gg (t, s)— 46 (t—s), (5.1) 
which satisfies the condition (4.1), When we use (5,1), then from (4.4) we obtain the expression for the weight 
function gy,(T, @): 


Tp 


br (9) = ae (gy (uy u— 8) ey (uw — 1) du i: 
Pp? 


= 5 (0) 6 (t) — 8 (1) gor (8) — 5 (8) gor (t) + go (8, 1), 


where we have used the notation (4¢ ) and (5¢ ). 


We now use the operator Gy, to transfor.a the correlation function Ry (Ta and obtain 


co 


Gy, R, (1) = \\ 8m (t, 8) R, (« — 0) dead. (5.3) 


—oo 


The substitution of (5.2) in (5.3) yields 


R, (0) _ \ gor (8) R, (— 8) d§ — \ gor (t) Ry (0) dt + \\ go (t, 9) R, (— 8) drdQ. 


—oo —oo —co 


(5.4) 


When we use the fact that Rx, (—- 6) = Rx_(@), and change the notation for the variable of integration in the 
first integral in (5.4), we obtain 


R, (0) —2 \ gor (t) Ry (x) dv + \ go (t, 0) Ry (t — 0) ddO. én 
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1.14) 


(4.2), 


5.1) 


5,2) 


4) 





We further transform (5,5) by using the relation Rx, (14) = Rx, (0) - ORx,, (4) [see (8¢) of the system 


(5j and the identities 


oo 


\ gor (t) = 1, \ go (t, 0) dtdd = 1. 


—3o —oo 


Then the single and double integrals in (5.5) become respectively 





co 
R, (0) — \ gor (1) AR, () dt, (5.6) 
—oo 
co 
R,, (0) — \\ 60 (+, 0) AR, (t — 0) dead. (5.7) 
—oo 
When we substitute (5.6) and (5,7) in (5.5), we finally obtain the desired identity. 
Proof of the Identity Rny,(t1) =(1/07)Rxo4(Ti)Ry (71) 
In the expression for the identity, the interference ny,,, has the form Dym = 1/a Xa% Ym. For the proof, we 
write the formula for the left-hand side 
T 
a mr \ * Toy, (2) Ym (8) Foy (¢ — Tr) Ym (6 — TH dt. (6.1) 


We first of all note a certain relation and introduce the notation. Since Xg¢)is a periodic function, the product 


X2k(g)Xek(t-—7) is also periodic. We denote this product, for fixed ry, by x(t). Then 


% (t) = Xeq (t) Xe (t— Ty) and x(t)=x(t + Ty), 
We also use, for fixed 14, the notation 
y(t = Ym (9 Ym (t— 74) 
In the notation of (6.2) and (6.3), the expression for the limit in (6.1) becomes 


T 
"ign 
lim oF \ z(t) y (8 dt. 


The further transformations are Similar to those in Section 4, 


We divide up the range of integration of (6.4) and obtain 


N ‘ita 
lim sp 2 \ x (t) y (0 dt, 
im=— i 


where N = T/T, and tj = iT. 


The change of variables t = tj + t~ is introduced, yielding 


N Te T; 


= -- 
jim oF > ac + t’) g (4 + t’) dt’ = lim nor \[ > = (y+ Cy yt e)| ar 


i=—NQ@ 0 i=—N 


(6.2) 


(6,3) 


(6.4) 


(6.5) 


(6,6) 
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For fixed t”, the factor x (tj + t~) of period T, is independent of i, and can be taken out from under the summation 
with respect to i, and we can then set tj = tj - 9 = 0 for simplicity. The right hand side of (6.6) can now be written 


T; N 


° 1 , 1 , ‘ 
lim oF ( [= (t’) y(t; + ey jae’ (6.7) 
, 0 i=—N 
Since the limit with respect to T refers only to the sum with respect to i, (6.7) can be written 
Ts , 
(lima SY) y(t e Je 
J [= Ped oT 2. y (4; ) (6.8) 


The process y (t) has been assumed to be stationary, and so the limit of the sum is independent of the displace- 


ment of the time (tj + t*), i.e., it is independent of t°. The limit of the sum can therefore be taken out from under 
= 0. for simplicity. When we also use the ex- 


the sign of integration as a constant factor, and we may then set t* 
pression (6.1), we obtain 
1 rz? + 
, ’ : een ‘ 
a[f -ere]| ym ar veo | 69 


0 i=—WN 


The use of the notation in (6.3) and the identity (4.16) now yield 


N 
cS (al 1 
lim ag D>) yl) = Fy Ay, (0): 


T-©co in_N 


(6,10) 


If we now use (6,10), the notation of (6.2) and (9) from the system (5), we obtain from (6.9) the righthand 
side of the identity that was to be proved. 


7. Derivation of the Expression for a [see (13)] 
We now assume that,in a range including the period Tj about its mean, we can expand Ax, in a Maclaurin 


series, With this assumption, we calculate Ax (6 icp) and Ax; (6 {BH). 





When only three terms of the series for Ax, (9 icp) are retained, we have 











1 (d 
Ai (Bjop) = Aten ~ bo + (SSO) re (7.1) 
Similarly, we have 
T,/2 
) Aaieetatt he { O%z2,,,d0 
2i sna x, (6) —~T, 
As: (Bien) = ) Zox,,,49 wet z( dg? ), 0 Tz : (7.2) 
2i f TT on a 
From (1.7),we obtain 
T,¥ ( @ Ax (0) 
as ee ( ag? Moy (1.8) 


wh 


it 
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where 


Ty2 

12 J O*z2r,,,40 
¥ (2s. ty )= —| 1-2 
3/2 

rT Fat, 20 
—Ty 





is a functional of x,x__; for rectangular oscillations the functional » is equal to zero, while for sinusoidal oscillations 
it is approximately equal to —0.15, We now consider the identity 


@ Ax (6) d* Az, (6) tS me (8) 
( a6" ) at ag? a) over Toi we a at ans (1.4) 


The quantity €; becomes smaller when the law of variation of the second derivative becomes closer to a 
linear law and when T, decreases, If the function Ax; (t) can be approximated sufficiently accurately by a poly- 
nomial of the third degree, then ¢€j = 0, 


We use (7.4) to transform(7.3), and obtain the approximate result 





HOt» § (S40) a 
a; oat 24 T. T i ag @=:t x 


The second term in (1,7) takes the form 





: T? 'p oan 
ec Seer 


- FD et 





™Y (Ste ()\ . 
24 ag? Oat 


é¢= 
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ON THE QUESTION OF CHOICE OF PARAMETERS 
IN THE CONTROL PART OF A GRADIENT- TYPE 
AUTOMATIC OPTIMIZATION SYSTEM 


T. I. Tovstykha ( Moscow) 


Translated from Avtomatika i Telemekhanika, Vol, 22, No. 8, 
pp. 1027-1037, August,1961 
Original article submitted July 25, 1960 


The parameters of the control part of a gradient-type automatic optimization system with one or 
several independent inputs are chosen with the consideration that the steady value of the mathemati- 
cal expectation of the output signal should be sufficiently small. 


In the case of a system with one input the choice of operating parameters is made with consid- 
eration taken of limitations of the average spread about the steady value of the output signal. The 
tapidity of action of the system is estimated. 


1. Formulation of the Problem 





In Fig. 1 a schematic diagram of a discrete automatic optimization system with m independent inputs is pre- 
sented, in which a search for the extremum (minimum) is performed by the method of gradients. The letter O denotes 
the control object, inertialess, and its characteristics are considered parabolic: 


y{n] Ae > x4 [n]. (1.1) 


j=1 


ye Here all quantities are considered at discrete moments of 

z time, n is the number of the corresponding cycle, referring to the 
moment t=nT, We shall use L [n]} to denote the value of the 

y quantity L at the moment of the time nT. 

















A random disturbance Z [n] acts at the output. We suppose 
‘a, that the whole time duration of each cycle is divided into m inter- 
vals. We consider the i-th interval within the n-th cycle, Clearly 
t the beginning of the interval corresponds to the moment (time scale 
is referred to the duration T of a cycle) n— 1 +(i— 1¥ m, the center, 
to the moment n—1+{i— 4)/m, and the end, to the moment 
n—1+i/m. As regards the disturbances Z [n] we assume that its 
increments in time during a half interval (for definiteness, the i-th 
interval in the n-th cycle) 





Ej 








“i, 














A} 








i 4 


uy, 

















‘| 


_ Pig. 1, 


1 


ryeege. 


2) _ sfx—1 4-4] (i= 4, 2,...,m) (1.2) 





y%[(n—ij= 


are independent random quantities with probability density p (Vv). In future calculation it will be required to know 
the remer ys v [n). For definiteness er suppose o- all -_ moments are equal to zero, the dispersion is finite, and 
equal to 0”, and also that M (v4) = 3 of and M (vj iv = o*, i # j. The remaining moments of fourth order we con- 
sider to be zero, The values of the moments taken suinttde with the values of a normal distribution law [1]. 
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It is assumed that a nonrandom disturbance 2, [n]}, brought about by a displacement of the characteristics 
%(nj=yn, (1.3) 
is added to the signal from the control part y in each of the mchannels at the input to the system. 


For simplicity we suppose the rate y to be the same in all channels, One could also consider the case of differ- 
ing tates, or even the case when the y ; are random quantities. 


We consider the n-th cycle, As was already indicated above, the entire time of the cycle we consider divided 
into m intervals, At the beginning of the i-th interval in the i-th input to the system a trial disturbance + a» is given, 
and at the center of the interval, a disturbance — a), At the center and end of the interval sespectively, output quanti- 
ties are measured, and their difference is applied at the control device. This difference is 


: i 
ti— — 


envi =aha—1 +e +4] 








=» [e148] 4 ola e4 ie 
—z|n—1 +=]. (1.4) 


The difference in values of the disturbances is clearly equal to the quantities v; [n — 1] defined by (1.2), A 
signal uj [n]} from the control part of the i-th input is applied to the beginning of the succeeding (n + 1) - th cycle; 
here the increment in the quantity uj is proportional to the difference Aw, [n]; i.e., 


uj (mn) — uj [n-1) = Au; (nm) = — adw,; [n). (1.5) 
Here a is a characteristic coefficient. 


The problem consists in determining the quantities a, a) corresponding to the admissible sufficiently small 
stable (n ©) values of the mathematical expectation my of the output quantities y. From formula (1.1) it follows 
that in the problem considered 


m, = D\(m2 + D,,). (1,6) 


i=1 
Thus,it is necessary to determine my, and D, for each of the input variables. 


An analogous but more general problem is considered in (2); the inputs are considered interdependent. The 
equations obtained, from which one may determine the limiting value as n - © of the arithmetical mean of the out- 
put quantities for various different tests. In the example for m = 1 a graphical dependence of this limiting value on 
quantities proportional to the product of the parameters a and ay is constructed. 


In the present article the solution of a system of difference equations reduces the calculations immediately to 
concrete results allowing the choice of operating parameters a and a» in the case of any number of independent in- 
puts. In the case of a single input, not only the dependence m (a, a9), but also the dependence of the dispersion Dy 
on those parameters a, ao is considered, which dependence allows one, through the choice of the parameters, to con- 
sider not only the steady magnitude my, but also the magnitude of the mean spread about my. In section 2 a possible 
estimate of the rapidity of action proposed by A. A, Fel’dbaum is investigated. 


2. Case of a Single Input 





In the case of one input (m = 1), at the beginning of the cycle a test + ao is applied at the input, and at the 
middle of the cycle, a test — ag. It is considered that the reaction of the object to the disturbance supplied may be 
measured at its output after a time T/2. In correspondance with (1,5) the difference of values of the output quanti- 
ties, measured in the middle and at the end of the cycle, are proportional to the difference in controlling signals u 
given at the input of the object in the given cycle and in the preceeding. One may write that 
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We expand Au [n+ 1]: z [n+ 1] = z[n) + 7+ Au [n + 4). 


or Au [n+ 1] = —aAw [n+ 1] = —a{(x [n] + ao)? —(z [n} — ao +$)+ »{n}} 
and Au (n+ 1] = —al4(a, — )z In} + x(a, — +) +0 In} 
r{in+i}]=zl(n)+y—a {4 (a, — t)* [n} + 1(a, — +) +» {nl}. (2,1) 


Solving this difference equation, we obtain 


n—1 
x {nl = (4 — 4ad)" x (0) + D(A — 408)" (7 (4 — ad) — av In —s]}, (2.8) 
s=0 
where 
(2,3) 
6 =a, — t : 


In this formula x [0) is the initial value of x. We shall consider that the initial value is a random quantity 
with mathematical expectation m, [0] and dispersion D, [0]. 


Transforming from x [n] to my, [n) in (2.2) and taking into account that m (v ) = 0, we easily obtain 


m, {n] = (1 — 4a8)" m, [0] + es — (4 — 4ad)"). (2.4) 


Here aé may take on any value from the open interval (0, $); i.e.,|1—-4a6 |< 1. 
We now calculate the dispersion D, [n], Itis clear that 





D,, (n] = (x [n] — m, [n])*® 





n-1 


* tc — 4ad)" (x [0] — m, [0]) — a>} (A — 4a8)*o (n — a} 


Since the right side of (2,2) is a sum of uncorrelated random quantities ( y is uncorrelated by assumption; 


x [0] and y may also be considered uncorrelated), the dispersion D, [n] is equal to the sum of the dispersions of 
these quantities; i.e., 


Dz (n) = Se 1 — (1 — 4a8)""] + (1 — 4ad)"D, [0]. (2.5) 


Passing to the limit n - © in (2.5) and (2,4), we obtain the following expression for the steady values of the 
mathematical expectation and dispersion: 


= 1(1—ad) 2.6) 
n=, ‘ 
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(2,1) 


(2,2) 


(2.3) 


(2,4) 


of 


(2,5) 


(2,6) 





ae ab (2.7) 


Ds = Tb: 
In accordance with (1.6) 
_ 4 (i1—ad\2 ee ad 
my = 1° (Ee) + age eae (2.8) 


To calculate the dispersion of the output quantities we use the relation 
Dy = M[ (y— my)} = M (x - (M(x) 


The quantity M (*) is calculated in (2.8). We determine M (x. From (2,2), denoting v [n — s] by v5, as 
n— © we have: 


z=m,—L, L=a¥\ (i— 4ad)*o". 
e=0 


From this, 
zt = mi — 4m8L + 6m2L* — 4m’ + L*. 
Passing from the equation for x* to the corresponding equation for the moments,and discarding the moments of 
oddorder of L (i.e.w), we obtain 
M (x*) = m& + 6m%M (L’) + M(L4 


It is easy to see that 


a*g* 


M (L*) = i—G—aad = D,. 


In the transition to moments in the equation for M (x*) we first of all throw out the terms containing odd powers 
v8), and also omit sums of products of the type vii yy (YC), y(i) vi) y(ky vii) ys when all indices i, j, k,1 
are different (see the assumptions onthe moments). As a result we obtain 


M (8) = at {>} [C1 — dad)" 06S) (1 — 40d)! [ole] 
e=0 





‘i ay! 
= 30%g! {> (1 — 408)“ + 2>) (1 — 4ad)**! =i See = 3B. 
s=0 set 
Thus, M (x*) = ms + 6m, D, + 3D. 
Subtracting the expression (2.8) for (M (*) 7. we obtain 
Dy = 4miD, + 2D%. (2.9) 


Figure 2 shows the possible graphs of aialz )(solid lines) and wea(F) (dotted lines) for the case 


+. = 
Vs 0.2. (the value taken from (2) for different values of ap (a9 = 0.5y, a9 = y, a9 = 2.5y). In constructing 


graphs of the dispersion it is assumed that y = 0.2. 


From the graphs it is clear that when a» increases the curves m , (a) become narrower, their minimal value de- 
creases, and the minimum itself is shifted to the side of decreasing a. Clearly the minima my (a) correspond to the 
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Pig. 2. 


optimal (least m,) values of the parameters a for the given ao. In this,at the optimal point.the greatest ay guarantees 
the greatest step size with the least possible error (for large a» the influence of the disturbances is less). This explain 
the decrease in the minimal value of my with increasing 4g However, when one deviates from the optimum, the large 
magnitude of the step may (although more seldom the less ay is) significantly deviate the system from it minimum. 
This explains the fact that with increaseing a» the curves my (a) contract. 


The dispersion curves change analogously. They, as well as the curves my, have asymptotes at the points 
ad = 0, ad = 4 (with increasing a) the asymptotes are displaced in the direction of decreasing a). The minimum 
D,, (a) disappears with increasing ap (the optimal choice of a for a given ap corresponds to the least possible error, if 
ao is large, and, consequently, the least spread relative to the mean value,i.e., the least dispersion). 


If one requires that the condition 
My < % (2,10) 


be satisfied, and also that 
Dy < 0, 





‘antees 
xplains 


‘or, if 


10) 





then these determine the region of possible values of the parameters &, a. It is clear that the required control for a 
given a) may be — only in the case when the minima of the curves my and Dy lie below the corresponding 
given values % and Q?, 

(ay) Q: ay) 


As examples, the lines F, “7 = a F, — { “T “sre 








are constructed in Fig. 2, For a) = 0.5y the 


region of admissible a is included between the values a, and a2, which are roots of the equation D (y) |a,.0.5y = Q*. 
One may analogously determine the region of admissible a for ag = y and a) = 2.5 y. It is clear that the region of 
admissible a, largest for a» = y , shrinks as ap either increases or decreases, 


Thus, when limitations on the steady values of the mathematical expectation and dispersion of the output 
quantities are prescribed, one may, knowing y and o, determine the possible values of the operating parameters. 


We attempt to compare the systems with differing a, ap in relation to their rapidity of action. We consider the 
magnitude of my [n} [see (1.6), (2.4), and (2,5)] : 


m, In] = (4 — 4a8)*" [D, 10] —D, + (m, (0) — m,)?) 
+ (1 — 4ad)"2m, (m, [0] — m,) + m,,. (2,11) 


It is evident that at the various moments of time n and depending on the values of the parameters a, 6 and 
the initial conditions (my, [0], Dy [0]),the quantity my [n) will be greater or less than my. Consequently, the regime 
of stability may be either aperiodic or oscillatory, Therefore, as quantities characterizing the stabilizing rate of the 
process, we consider the limit (n+ ©) of the sum of squares of the deviation my {n] from the mean values (use of 
a similar estimate was proposed by A. A, Feld'baum): 


I = lim >} (m, (k} —m,)’. (2,12) 


n-+ oo k=0 


We shall calculate the most rapidly acting system with the least Ip. 
Setting expression (2,11) into (2,12), using the condition 0 < aé < $, and denoting aé=6,weobtain 

















ri oy 

— [(m-t1—* - 19) + D, 10) — ga oe +,/ 

a a eer) 

1 -- 9) 
sr — 0) (= 001 ar ) | cm m, [0] — m,)? + D, [0] — — a =~] (2.13) 
40 i—(i— 49P 
A (LA = 8) Cons [0] — may? 
48 i—(i1—4§) ~ 


In the calculations it is assumed that the initial conditions are not random, i.€.,X9 = sy~ For large s one may 
suppose that 





la st 433 i—96 4s* i—§@ 
i —(i— 46)* + == 46 . i—(i—46)* \ 46 y 





The graph of lap /y* is given in Fig. 3 (s= 100). For a fairly wide range in 6 (0,10 <@ <0,40) the quantity I 
changes by something | like 1% from its minimal value. 


The calculation by the exact formula was carried out for a) = y , 49 = 2.57, a= Sy. The graphs are given 
in Fig. 4. It is clear that they are practically identical with the graph of Fig. 3. The difference is only observed 
at the ends of the interval (0, 4] for ag = 2.5y and a= 5y. The graph for ay =y for large @ is somewhat lower 





























rs | a 


Fig. 3. Fig. 4 





than the others and at the end of the interval has an additional narrow deep minimum. Clearly for moderate s and 
differing 6 the shape of the curves may differ significantly from that in Fig. 4. 


3. Case of m Independent Inputs 





Proceeding from the results of section 1, we write the following equations for the input coordinate: 


m 
a(n +1) =—2,[n]+7—a S: (z; tm) + oe agi) 


I=1 





2i— 1 
oa > (x; {7} = 4 Fa T — toby) + vin] (é = 1,'2,..., me), 
j=1 
where 
Oy =f it ij 
1 for i= A 
or 
win + 1) = x (nj (1 + 2 —4aay) + * ¥) a; (nl 
ii 
+ 7(1— ==" ad) — av; [n} (i= 4, 2,... m), 
where 


&=ao— y/4. (3,1) 
We introduce the notation: 


4i —3 


a=i—4aa +t, pat, xin} =7(1———ad)—anlnJ. pangs 





In these terms, in order to determine x; [n] we obtain a system of difference equations 











a, [n + 1] = az, In) + B D2; In] + % [nl (a4, 2,..., m). (3.3) 


jpi 


We find the mathematical expectation mj, [n] of the magnitude of the input coordinate of the system x; [n) . 
Employing the fact that M (v) = 0, we obtain the following system of difference equations 


m[n+1)=A,+ Y} aigm; (n] (i= 1, 2,..., m), 





j=1 
where 
4i —3 
Ai = 7 (1— = ad), Oy = a, Cyjligs =B (3.4) 
or the vector equation 
, y 1 (3.5) 
(J + AE;4,)m[n + 1] =A, 
where i is the unit matrix, 
ap. B 
me A = \| Ohi j || == Ba... B is a matrix with m rows and mcolumns, 
B B. a 
mM, Ay \ 
m 
m= 2 . 5 A= he P 
Mm mn 
E is the operator of displacement in unit time €°! is backward displacement in unit time). 
We obtain the following solution for the current time nx 
= 3.6 
m (n) = (— A)"m (0) + >} (— 4)*a, ne 
s=0 
in which m [0] corresponds to x [0], where x [0] is the initial value vector of the input variables. 
For the stable regime (n> ©) [3] 
co 
m= >}(— A)*A. (3.7) 
s=0 


We represent —A in the form 


—A = (a —B)/ +82, 


where 
te eee 
ga{it. i}. 
ere 








Then in correspondence with (3.7) 


m= Si—py? + pha = {> che — pi ee} a. 
s=0 s=0 ‘k=0 


It is easy to see that eg“) . a hence 
co 8-1 
m= 3 {> cra—o Oak 6 —B)* i}, 
k=0 


- >> C3 (a — B)* (Bm)* — (a — 7] " (a — ay} 
s=0 


= Sie B+ Ber — (By bax + >} (a —B)* 72. 


s=0 





The solution is finite in the case when 


ja —B + Bm| <1, |a —B\ <1 (3.8) 


0<ad <4,0< aay< }. (3.9) 
Supposing that condition (3.8) is fulfilled; it follows that 


BD) As 
Wty = j=1 4 Mi , 
G—a+p—BmG—a+p) | i—aze 





This same expression is obtained for the quantity J; in [2] if one solves the system (44) in [2] under the assump- 
tion that bj, = 5 j,- 


After certain transformations we may write 


= aff (t 4 88S) +14 22), oxo 


m 





We consider the magnitude of the dispersion of the i-th input coordinate: D; = M [ (x; - m;)*). Solving equation 
(3.3), we obtain 





lim % [7] —m,= s 2 {- i er — i — Sey) a > v{*) — (1 — 4aa,)® avy} 
l=1 


where %) (8) and Fi (8) respectively, denote %z [n—s]) andv, [n—s]}. Squaring the latter expression and integrating 
with density p (v) with respect to v (v = {Vy [0],.... Vp) [0], Va [1],..-. Vp [n]}), we obtain the following expression 
for the dispersion: 
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From (3.11) it is clear that the dispersions for all input coordinates are identical. The quantity my is deter- 
mined from (1.6) with account taken of (3.10) and (3.11). 
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In Figs. 5, 6 we have graphs of my /o* /y* depending on ay/4 for m = 1,2,3,10 for different a. From the graphs 
it is evident that when the number of inputs is increased, the steady value of the mathematical expectancy of the 
output quantity rises (for a fixed a). 


The minimal values of my increase with increasing mand the minimum itself is shifted to the left along the 
a axis, 


In principle there is no difficulty posed in the consideration of the dispersion of the output quantity for a system 
with m independent inputs, nor in the estimation of the rapidity of action of the latter in relation to the criterion in- 
troduced in section 2, However,it involves very detailed calculations, 


The method of calculating my in this section may easily be generalized to the case of a system with m inde- 
pendent inputs, whose input and output signals are connected by the relation 


y(n] = >) af (a) +5 >) 2; Inle; In). 


i= ie¢j 


The vector equation for x; [n] has the form 
x (n+ 1) = Ax [n] + A — av [n], 








where 


A = || asf, au=a=1— 4a0+E—, 
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Gi jlinj =B = b> — Abaco, 
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After the necessary calculations we obtain expressions for the mathematical expectancy and dispersion of the 
i-th input and the expression for the mixed moment in the form 
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from which it is easily determined that 


my = >) (mi +D) + >) M (x2). 


i=1 i¢j 


Clearly the analysis of the dependence of my on the operating parameters will be fairly complicated, 


Thus,in the case of a system with m independent inputs, as in the case m = 1, operating formulas and graphs 
are obtained, permitting one to determine the possible sets of parameters a, a), if the maximal admissible values 
of My are given, 


In conclusion the author thanks A. A, Fel'dbaum for his attention to this paper and for useful comments, and 
also A, I. Teiman for discussions. 
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Problems of automatic calculation of basic points on the contours of a part consisting of sections of 
straight lines and circular arcs for a linear-circular interpolation unit are discussed, A system of auto- 
matic calculation of these points and of the points on the equidistant tool center path is suggested, 
The system has been developed to be applicable to program-controlled milling machines, 


1. Introduction and Preparation of Data 





One of the most labor-consuming tasks in the operation of program-controlled, metal cutting machine tools is 
the preparation of data for the numerical director. In order to calculate all essential points of the cutter center path, 
from which the director derives the continuous path of the tool, considerable calculation is usually entailed, All 
points obtained by calculation (or the corresponding displacements) must be subsequently transferred to a program 
card for feeding into the numerical director, 


In this paper we consider the process of calculation of individual basic point for the linear-circular numerical 
director which produces a contour consisting of straight lines and circles and suggest a programming system for the 
automatic calculation of these points. 


For uniquely defining a contour a certain initial information is required, i.e.,a certain amount of numerical 
data from which all unknown geometrical elements of the profile can be determined and computed. The minimum 
amount of information sufficient to determine the contour is referred to as the necessary and adequate information 
on the contour in question. The amount of necessary and adequate information varies for different contours and de- 
pends on its complexity. For many practical applications the data given exceeds the necessary and adequate amount. 
This is because the amount of known or, for some reason, calculated geometrical dimensions of the characteristic 
elements of the profile has to meet many requirements other than the need to provide the minimum amount of in- 
formation required to describe the contour, Although the automatic programming system described above can always 
compute a contour using the necessary and adequate data,an excess of original information never interferes with the 
calculation and always makes the work of determining the unknown elements of the profile easier for the programmer. 
It should also be noted that it is always preferable to have for an automatic programming system data which are 
uniformly distributed over the entire contour, If this is not the case it may happen that some elements can be deter- 
mined only indirectly, which in subsequent calculations can produce an accumulated error. 


Figure 1 shows a relatively simple part consisting of short 
straight lines and circular arcs. The coordinates of five points, one 
radius, and the inclination of one straight line are given and deter- 
mine the whole contour. For determining the path of the cutter 
center during the machining itis first necessary to calculate the 
coordinates of seven points of the profile. The problem involves 
the calculation of equations of seven straight lines, the radii of two 
circles, and the solution of several systems of linear equations, 
Almost the same amount of work is involved in the subsequent calcu- 
lation of the equidistant curve to the given contour and in entering 
the results obtained on the program card, 


For making the preparation of data automatic and to relieve 
the operator from this work, in both the solution and the setting up of 
algorithms, automatic methods must be adopted and the wanslation 
of the data into the "machine language” made simpler. This can 
be successfully done by using general-purpose digital computers 
equipped with automatic programming units. 

















In this case all unknown geometrical elements can be easily determined indrectly from known elements. On 
the blueprint of the part illustrated in Fig. 1 the known (given as figures) elements are given in bold print. The 
straight line 01, which is not known, is defined by point 05 on this line and the slope to 01; point 07 is determined 
as the point of intersection of straight line 01 and circle 01 (the point with a larger ordinate is selected from the two 
points of intersection); straight line 02 is defined as the external tangent to circles 01 and 02; circle 01 is determined 
by the coordinates of its center (point 01) and radius 01 while circle 02 is given by the coordinates of its center (point 
02) and one tangent (straight line 03), Line 03 can, in turn, be determined as the straight line perpendicular to line 
01 (which has been calculated earlier) passing through the known point 04, All other elements needed for determing 
the contour are found in a similar way. 


Let us now assume that all elements have been calculated, Next, it is necessary to establish the sequence of 
required motions of the cutter center with respect to these elements. The path shown in Fig. 1 is machined by mill- 
ing so that the path of the cutter center must be described as follows. 


The cutter motion begins at point 00 in the origin of the coordinate system and proceeds along the straight line 
07 to line 01, The motioncontinues along line 01 but to the left from it at a distance equal to the cutter radius, So 
it moves to point 07 and then along the circular arc 01 in clockwise direction until it meets line 02; it then moves 
along this line to meet the circular arc 02,etc., until it returns to point 00, 


In handling this problem by conventional methods it is first necessary to calculate all above-mentioned indi- 
rectly determined points on the contour and on the cutter path. This is usually done on a keyboard or a general-pur- 
pose computer, Thereupon all results must be entered on the program card from which they are transferred by punch- 
ing onto a tape and fed into a general-purpose computer,which is then in position to produce a program for the inter- 
polation unit, The procedure involves a considerable amount of work as it requires the processing of systems of e- 
quations and repeated rewriting of a considerable number of figures. In addition, the rewriting is a potential source 
of errors. 


The suggested automatic programming system incorporates a complicated component program which enables 
the required algorithms to be set up. Their subsequent solutions are found by means of an ordinary general-purpose 
computer, The implementation of this system calls for a standardization of calculations of all typical problems; the 
logics of the system must be able to decipher all possible combinations of these problems and to set up the corres- 
ponding algorithms. 


TABLE 1 One of the important points in déveloping the automatic 








programming system (APS) was to decide how to feed the original 
Mpediatton:| Mosning:el the abbeevistion information te the computer. This information must ras all 
tk (Eng,: pt) tochka (full stop) unknown geometrical elements in terms of known elements and also 
pr (st) pryamaya (straight line) vaeeaghe the aus calculation process. We described above for the 
kr (ci) okruzhnost’ (circle) part ftlustrated in Fig. 1 how some of the unknown elements are 
stop stop, ostanovka (stop, stoppage) expressed in terms of known elements, The description of the path 
tl parale!'no (paralle1) of the cutter center, which has also been partially described, is in 
L perpendikulyarno (perpendicular) fact the control program for the computer. This description is a 
b (m) bol'she (more) natural expression of the problem facing the computer since it 
m (1) men’she (less) expresses in a precise literary language the thinking (process) of 
ot (fr) ot (from) the programmer. Any formal approach is here completely elimi- 
do (to) do (to) nated and the errors incompiling the program sheet minimized, 
po (al) po (along) However, an excess of data in such description, e.g., the unneces- 
R radius (radius) sary words and unnecessary letters in long words, make this method 
fr (cu) freza (milling cutter) of feeding data unsatisfactory, It has been found that many letters 
fre (cut) freza sprava (cutter to the right) and words Cqmtained ig such descriptions can be omitted without 
fr- (cu-) freza sleva (cutter to the left) damaging the precision of definition. Such simplification of de- 
k (k) tangens ugla naklona pryamoi scription of unknown geometrical elements and control signals, 
linii (tangents of the angle of and of the path of cutter center, is reduced to adopting special 
slope) terms consisting of abbreviated Russian words and of some generally 
+kr (+ci); dvizhenie po okruzhnosti po accepted mathematical symbols. 
~kr (-ci) chasovoi strelke (clockwise The terms obtained by abbreviating Russian words used in 
circular motion) this paper are given in Table 1, In future these expressions may 
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be considered as words of a special programming language, while the sentences compiled of these words could be 
referred to as the language of the automatic programming system. 


In making this suggestion the words of the language are used in the same way as usual in forming literary 
sentences. The only substantial difference is that in the programming language the same terms must always be ex- 
pressed by the same words; their meaning is strictly defined and standardized, The sentences written in APS language 
which determine the geometrical elements of the part are referred to as “designations” , All designations are divided 
into two groups: “elementary designations” and “complex designations", The elementary designations are designa- 
tions used for entering the numerical data into a drawing, In our system these designations include points with their 
coordinates, radii of circles, and the slopes of straight lines expressed in ordinary language. Complex designations 
adopted for APS make possible the description of all geometrical elements of a path given indirectly, i.e., elements 
which can be calculated from the original numerical data by means of the APS, 


All sentences needed for defining the contour of a part are given in form of elementary and complex designa- 
tions in the first two sections of Table 2. 


TABLE 2 
Elementary designations 
¥ pt 00 = 00 Y pt 00 = 00 R 01 = 15 
X ptOl= 26 Y pt 01 = 47 
X pt 02 = 66 Y pt 02 = 63 
X pt 03 = 60 Y pt 03 = 16 
X pt 04= 11 Y pt 04 = 07,5 
X pt 05 = 48 K 01 =~— 0,9 
Complex designations 
pt 00 = X00/00 st 01 = — pt 05/01 ci 01 = pt 01/R O01 
pt 01 = X01/Y01 st 02 = + ci 01/+ ci 02 ci 02 = pt 02/st 03 
pt 02 = X02/Y02 st 03 = 1 st O1/pt 04 ci 03 = pt 03/st 06 
pt 03 = X03/ Y03 st 04 = Il st O1/pt 06 
pt 04 = X04/Y04 st 05 = 1 st O1/pt 03 
pt 05 = X05/Y04 st 06 = Y04 


pt 06 = M Xci 03/st 05 st 07 = YOO 
pt 07 = M Yci O1/st 01 


Control program 
Variant I 


ft 0, of pt 00, at st 07, to st 01, ft—, at st 01, to pt 07, at + ci 01, to st 02, 
at st 03, to ci 02, at + ci 02, to st 03, at st 03, to st 04, at st 0.5, at ci 03, 
at + ci 03, to st 06, to pt 05, to pt 00 stop. 


Variant II 


ft 0, of pt 00, at st 07, ft—, at st 01, to pt 07, at + ci Ol,at st 02, at + st 02, 
at st 03, at st 04, at + st 03, at st 06, to pt 04, to pt 00, stop. 


An automatic programming system has one important feature; The same geometrical element can be deter- 
mined in several ways. It depends on the data available and also on the choice and taste of the programmer which 
of these methods is used for determining an element. The presence of several complex designations for determining 
the same elements of a part makes it easier for the programmer to determine the entire part using a small number of 
numerical data. 


The possible variations in denotation of points, straight lines, and circles are given for the described system in 
Table 3, The majority of methods have several variants, For example, in the case of an intersection of a straight 
line with a circle or of two circles,the solution of relevant equations yields two roots, For finding the required root 
the command signal contains as an additional element one of the coordinates of the point in question with respect to 
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TABLE 3 


1. ptOl= X01/Y 01 

2. pt Ol = st 01/st 02 

3. ptO=M Xci 01/ st 01 

4, ptOl=c Xci 01/st 01 
5. pt 0l=M Yci 01/st 01 
6. ptOl=c Yci 01/st 01 
1, ptOl=M Xci 01/ci 02 
8. ptOl=c Xci 01/ci 02 
9. ptOl=M Yci 01/ci 02 
10, pt 01 =c Y ci 01/ci 02 


A. Points 


By Cartesian coordinates 
As intersection of two straight lines 


As intersection of a straight line and a circle 


As intersection of two circles 


B, Straight lines 


1, st01= 4 pt01/K 01 

2. st 01 = pt 01/ pt 02 

3. stOl= + ci 01/+ ci 02 

4, st0l=X01 

5, st0l= Y 01 

6, st01l=M Xst02/R 01 

7, st0l=c X st 02/R 01 

8. st01=M Y st 02/R 01 

9, stO0l=c Y st 02/R 01 

10, st 01 = Il st 02/ pt 01 

11, 4 st 01 = 02/pt 01 

1. ci 01 = pt 01/R 01 

2. ci 01 = pt 01/st 01 

3. ci 01 = pt 01/pt 02 

4. ci 01 = pt 01/ pt 02/ pt 03 

5. ci O0l=M Xst01/ M X st 02/R 01 
6. ci Ol=c Xst 01/M X st 02/R 01 

1, ci 01=M Y st 01/M X st 02/R 01 
8. ci 0l=c Y st 01/M X st 02/R 01 

9. *eesoeeeeeeeeeeetee#ene e#eeeee @ 


20. ci 01 = c ¥ st O1/c Y st 02/R 01 


By one point and the slope 
By two points 

As a tangent on 2 circles 
By its constant abscissa 

By its constant ordinate 


As a straight line parallel to the known straight 
line shifted through a definite distance with re- 
spect to the latter 


As former but passing through a given point 
outside this straight line 

As the perpendicular through the known 
straight line passing through the known point 


C, Circles 


By the coordinates of the center and radius 

By the coordinates of the center and one 
tangent 

By the coordinates of the center and one point 
of the circle 

By three points on the circle 


By two tangents to the circle and the radius 
(a total of 16 different command signals) 


the same coordinate of the second point. In the designation of sec, 3 division B in Table 3 (abr., Bs) the straight 
line is given as a tangent to its two circles;the signs in front of "ci" indicate the presence of an external or internal 
tangent. The number of methods given to denote three main geometrical elements is, ofcourse, not final and is 


likely to increase as the APS develops. 


It is evident that the description of the path of the tool's center contains all its required motions in the desired 
sequence, In order to make this description a control program of the APS it is necessary to record it in such a manner 
that its decoding by the computer produces the action of the APS needed for the calculation of the cutter center path 
and for preparing the program for the numerical director. This can again be made by using the terms of the program 
ming language. A detailed description of the cutter path written in the programming language is called the contol 





al 





program. The control program (CP) for the machining of the part illustrated in Fig, 1 is shown in the third section 
of Table 2, The control program together with a group of designations (which incorporates the elementary as well 
as complex designation) gives what is called the language program of the path. 
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Fig. 2. 


The setting up of the control program is in 
principle similar to determining designations, In 
contrast to notations which represent abridged sen- 
tences in program language which describe the ge- 
ometrical elements of the path, the individual com- 
mand signals of the CP separated by commas rep- 
resent the corresponding sentences which describe 
the motion of the cutter center in the abbreviated 
form (see Table 2 and the description of the motion 
of the cutter center on page 1039), The separation 
of individual command signals by a comma is 
used to facilitate the reading of the program and 
to avoid errors. The depressed “comma” key of 
the punching machine corresponds to the signal 
“recording”. This ensures the recording of data 
contained between two commas into one memory 
cell of the computer. 


Before feeding into the computer the language 
program is punched on a special machine, This 
machine has a keyboard similar to that of a type- 
writer and contains all characters and symbols 
necessary to reproduce the language program. The 
program is simultaneously recorded as a punched 
tape in form of combinations of eight or ten-num- 
ber figures and typed on paper in APS language, 
The elementary data are transferred on the ten- 
channel (decimal-system) punched tape and so fed 
into the computer. The complex designations and 
CP are reproduced and fed into the machine on 
eight-channel system tape. Only the right-hand 
sides of designations are fed into the computer. 
Groups of information data consisting of elementary 
or complex designations are called “similar” if 
they characterize geometrical elements of the same 
kind, The decimal-system and 8-channel-system 
information is fed into the memory unit of the 
machine as solid groups and are marked by symbols 
derived from Xp - 1,where Xp is the number of the 
cell containing the first term of the a-th similar 
information group. 


A group of denotations is introduced into the operational memory of APS and the signals of the control program 
are read gradually by the counting device as the calculation proceeds. The automatic programming system, which 
is described and discussed in the next two sections, is permanently in the continuous memory(or in the memory of 


Constants) of the digital computer. 


Before proceeding to examine in greater detail the individual parts of the APS we shall consider briefly the 
general layout of the system, A simplified block diagram of APS is shown in Fig. 2, The calculation process can 
begin after introducing a group of designation symbols into the operational memory unit. The signal of the control 
program proceeds after reading, by the input device, into the control unit of the automatic programming system. 


The control unit (CU) consists of program units which perform the general logical operation of the system, the auto- 
matic setting up of algorithms of calculations, and also the decoding of input information. In order to make the ex- 








planation of the operation of the systemeasier the control units concerned with the decoding of command signals of 
CP are shown in Fig. 2 detached from the rest of the CU, These are the decoding unit of command signals and the 
decoding unit of the geometrical meaning of command signals. 


The input unit passes the command signals of CP one by one into the decoding unit which divides all signals 
into two groups, The first group includes signals without any geometrical elements (e.g., fr) while the second group 
comprises all other command signals (e.g., po + kr 02), The command decoding unit separates from all command 
signals of the second group parts which represent the geometrical elements and passes them on to the geometrical- 
meaning decoding unit (in our example kr 02), The remaining parts of these command signals and the signals of the 
first group are passed on into the other parts of CU, The geometrical-meaning decoding unit detects in the command. 
signal the geometrical elements and arranges the reading of the detailed information on these elements in the corres- 
ponding group of complex designations contained in the memory unit of the machine (in this example tk 02/pr 03 is 
counted as kr 02). This information is passed onto the corresponding converter. 


Every geometrical element has its own converter; this CP system has three converters: for points, straight lines, 
and circles, The geometrical elements in the language program can be given in greatly varying ways. However, to 
make all mathematical calculations concerned with this element automatic each of them must be given in a strictly 
defined form which can form the basis for the subsequent calculations, The conversion of geometrical signals into 
such standard form takes place in the converter unit. For example, regardless of the way in which a point is expressed 
in the language program at the converter unit input, it must always be expressed by its Cartesian coordinates; the 
circle is expressed by the coordinates of the center and the radius, and the straight line as a tangent of the angle of 
slope and the coordinate of the point of its intersection with one of the axes. 


Thereupon the signal given by the control unit which contains the information on the cutting tool (e.g., the 
radius of the cutter, cutter on the left) makes the program to calculate the same elements of the cutter path. After 
converting the mean elements of cutter path into a standard form all points of contact between these elements are 
calculated which are needed for determining the continuous motion of the cutter center. 


The last stage of the calculation process is the determination of displacements between the adjoining points of 
the cutter path measured on the coordinate axes. This stage is performed by the part of the system which calculates 
the data for the interpolating unit. Thereupon the output device of the computer transfers these intervals (displace- 
ments) onto the perforated tape. 


Our automatic programming system assumes that the program-controlled machine tool is fitted with a linear- 
circular interpolating unit. The APS can in principle be used with any type of computer which has a sufficiently large 
rapid-access or constant memory and which is fitted with a special input device for reading the terms programmed in 
the APS language. 


2. Converter Unit 





Every geometrical element — there are three in this system-— has its own conversion program or converter; to- 
gether they are called the converter unit. During the calculation process this unit performs several tasks. In addition 
to converting the given geometrical element to a standard form it solves together with the control unit the problems 
involved in determining the cutter center path,because these problems are in many respects similar to those of con- 
version. 


The converting programs represent a combination of a number of simple operators each of which is provided 
for solving a small highly specialized mathematical or logical problem. According to the command signal received 
at the input of the decoding unit,the control unit automatically synthesizes these operators to a sequence required for 
solving the problem. This system of synthesis of small operators is more flexible than the system using standard sub- 


programs for the component, 


After reading the detailed information on the geometrical element the information is passed on into the decod- 
ing unit of the corresponding converter. Each converter has its own decoding unit whose task it is to fix the method 
of determining one or other of the geometrical elements, In the system being considered these decoding units deter- 
mine by means of a minimum number of comparisons any of the 17 methods of describing an element. The further, 
mote detailed, decoding of thecommand signal is effected in the converters during the calculation process. 


The decoding units are based on the principle of the minimum number of comparisons because the capacity of 
the memory of the M-3 general-purpose computer which was used in our experiments was limited. A shortcoming of 
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these decoding units is that their operation is positively connected with the position of data in the discharge grid of 
the memory unit,which means that the adding of new designations would involve a complete reconstruction of the 
decoding unit circuit. If quick-acting machines with large memory capacity are used, more universal results are 
obtained with a coding unit which compares all double discharges of every designation. The sequence of compari- 
sons should, of course, be fixed in such a manner that the more frequently encountered designations are determined 
first and the less likely designations are arranged at the end, 


The conversion of a stright line into a standard form involves: 


a) the determination of quantities k and b from equation Y = kX + b or kX— Y + b = 0 if the angle slope to the 
axis X |a |= 45°(| k | = 1); 


b) the determination of quantities 1/k and c from equation X = 1/kY + c or 1/k Y— X + c = 0, where c =~ b/ 
if the angle of slope to the axis X |a |> 45°( | k| > 1). 


The quantities k and b (or 1/k and c) thus determined are passed on to the corresponding standard cells. The 
sign of the number sent into the third cell determines the existence of the case a(" + N") or b("—N"). This deter- 
mines the algorithm of the use of the determined quantities in the subsequent calculation process. 


If the straight line is defined by the point Xp, Y, and the tangent of the angle of slope kp then, according to 
to what has been said, if k,< 1 the memory unit receives only its actual value, while if kn > 1 the memory receives 
the quantity 1/ k. In the language representation this is expressed as follows: a pr M = + tk N/ ky (the cell "K" 
contains the quantity k,) and b) pr M = — tk N/k, (the cell "K" contains the quantity 1/k,). 


The logical diagram of the converter of straight lines is shown in Fig 3. 


Out of 8 possible ways of transforming a straight line into standard form we consider as an example the method 


Bs. 


The recording pr N = + kt M/ + kr N, The straight line is determined as a tangent to 2 circles. The positive 
sign denotes the clockwise motion of the cutting tool and the negative sign indicates its motion in the anticlockwise 
direction, Consequently, if the signs in front of both circles agree the tangent is outside the circle and if they fail to 
agree the tangent is inside the curve. The known coordinate of center of circles Xjy, Yyy,Ryy Xy, and Ry, are fed 
into the standard cells. Thereupon the special program calculates the points of contact. Further, the straight line 
being sought is determined by two points and the calculation is transferred to the beginning of the B, program. 
Figures 4 and 5 show the elements for the calculation of external and internal tangents respectively. 


The quantities necessary for the calculation of X°;, Y“;, and X“,, Y“, are,in the case of an external tangent 
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sin ¥ = —sinasinf + cosacos$, cosy = —sinacos$ —cosasin B, 
X, = X,+R, cosy, Yi = ¥,+R,sin y, X, = X, + R, cos 7, 
Y, = Ya + Rosin y. 


In the case of an internal tangent (Fig. 5) the quantities needed for the calculation of X“4, Y"1 and X“, and 
Y*: are: 
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sin a,cos a,and cos 6 are expressed as in the preceding case: 
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X, = X, + R, cos yy, ¥; = ¥y + A, sin Yi» 
X, = X, + FR, cos 7, = X_ — R, cos YH, 
Y, = Y. + A, sin 7, = Y, — A; sin 71. 





Fig. 4, Fig. 5. 


In calculating the external. tangent and the motion along the contour in anticlockwise direction the fact 


is taken into account that y =[(a— 68)+ /2)+ ™ and for the calculation of the internal tangent and motion along 
the contour in the anticlockwise direction y =[(a@ + 8)+m/2)+7m. 


If the external tangent in the case of a clockwise motion is to be calculated: 
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For the external tangent and during an anticlockwise motion the signs of sin y and cosy are changed. 
For the calculation of the interna] tangent with the motion in a clockwise direction: 
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sin ¥, = 





cos 71 = 





In the case of the internal tangent during anticlockwise motion the signs of sin y and cos y are reversed. 


The described algorithm automatically discriminates between 96 different cases of contact between a straight 
line and two circles, taking into account the position of circles with respect to the origin of the coordinate system, and 


calculates the corresponding points of contact, The assumption that a point is a circle with radius R = 0 adds another 
48 cases to the above number. 


The conversion of a point into standard form means the determination of its Cartesian coordinates X and Y; the 
transformation of the circle is the finding of the coordinates of its center and the length of its radius. The conversion 


937 





algorithms of all methods of representing points and circles (see Table 3) are accumulated in converters of points 
and circles respectively. 


3. Calculation of the Tool Center Curve 





The problems involved in finding individual sections of the cutter center path curve are often the same which 
have been handled by converter units in converting command signals and in determining the elements of part _pro- 
files, By feeding into the APS the corresponding logics these operators can be utilized also for determining the cutter 
path. However, apart from these problems common to the part's profile and the cutter path there exist some addition- 
al problems connected with some special points involved in determining the curve. The logical schemes for solving 
these problems must be included in the corresponding points of converter units and related to the logics of control, 


The following points can be used as basic points of the cutter path: the point of intersection of two straight 
lines, the point of intersection of two circles or a common tangent to them, and the point of intersection of the 
straight line with a circle or its tangent, Let us now consider the latter case. We denote by + M the motion along 
a circular path in clockwise direction, by — M motion in anticlockwise direction, by + fr the cutter location to the 
right of to the left (from the direction of motion), by Re the radius of the circular arc of the path, S = Re ~ R, 


The following data are available: the center of the circle Xj, Ys, the radius of the tool center path Rg, sign 
M, sign fr, sign S, the direction of the straight section of the cutter's path, and the point of intersection of the straight 
line on the part's profile. Two cases are here possible. 
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a)S >0, The point of intersection of cutter center path curves which is the final point of the preceding 
section of this path and the initial pointof the section is calculated, Since the intersection X,, ¥,on the part's contour is 
given,the point of intersection of the curves of the cutter path X“y, Y“, can be calculated from the condition accord- 
ing to which both these points are on the same side of the straight line perpendicular to the given straight line which 
passes through the center of the circle. The calculation follows the scheme shown in Fig. 6 (see also Fig. 7, b and c, 
chain-dotted line). 


b)S<0, The distance] between the center of the circle and the straight line of the cutter center path is cal- 
culated first. Thereupon this distance is compared with the radius of the cutter center path arc. 


If l = Re (Fig. 7, a and b, dotted line) then the point of intersection of both curves of the path is found as in the 
previous case. 


If 1 > Re (Fig. 7, c,dotted line) then first the points K and L are found in which the straight line and the circle 
of the cutter’s path contact the circle whose center is the point of intersection of the corresponding lines on the con- 
tour with the radius R,. In this case the algorithm of intersection or of the touching of two circles is used, 


4, Control Unit 





The definition of the control unit was given in the first section, We described there also the function of two CU 
units during the operation of the APS— it is the decoding of the command signal and of the geometrical meaning of 
the signal, In this section we consider the functions of the CU in controlling the calculation process within the auto- 
matic programming system and characterize the principal moments in the operation of the logics of the APS, 


For controlling the automatic programming system a certain amount of information must be contained in stand- 
ard cells of the rapid-access (or constant ) memory unit of the general-purpose computer; this information varies from 
cycle tocycle. By cycle we mean a sequence of logical and arithmetical operations whichbegins with the reading 
of command signals with the CP and ends with the reading of the next command signal of the CP. During each cycle 
in the operation of the APS (with the exception of the initial and final cycles) the standard memory cells contain and 
process the following information: 


the command signal read at the beginning of the cycle; 
the command signal read in the preceding cycle which started with "po", “ot”, or “do”; 


the command signal read at the beginning of the cycle “p,” corresponds to + 1, and at the beginning of the 
cycle “ot” and “lo” corresponds to— 1; 



































i ; “Preceding” ran "Next jj 
' , section section | section | 
SS es S p sciiganae OE 5 “1 
% 5 H Miso lf iC utter 
CY snares Fama a SN 
ae A ee 
aaa Bee NA i 
Fig. 8, 








the command symbol read in the preceeding cycle; 


the information on the position of the cutter center with respect to the contour of the part (to the right + 1, 
to the left 1); 


the information on the “current” section of part's profile (see Fig. 8); 
the information on the “next” section of the part's profile. 


the information on the “current” section of the cutting tool center path, the information on the “preceeding” 
section of the cutter path 


the coordinates of the point of intersection of the “current” and “preceeding” sections of the profile X'" and 
Si 


the coordinates of the point of intersection of the “current” and "next" sections of the profile X™" and Y™: 


the coordinates of the point of intersection of the “preceeding” and “last-but-one” sections of the cutter path 
X"_ and Y'e. 


the coordinates of the point of intersection of the “preceeding” and “current” sections of the cutter path X", 
and Y"e. 


If the “preceeding” (or “current” or "next") section is a circular arc the information on the direction of motion 
on these sections is contained in the corresponding cells, Here + 1 denotes the rotation in clockwise direction and 
— 1 roatation in the anticlockwise direction. 


If the “preceeding” or “current” section of the cutter path is a circular arc then the corresponding cells con- 
tain sign (R's — Ry) and sign (R', — R,) respectively. 


For sections in standard cells the following data are retained: 
a) the symbol indicating the geometry of the section (circle or straight line); 
b) data on the standard form of the section; 


c) in the case of the circle the direction of rotation of the cutter on it; and 


d) the symbol S;, with k = 1, 2 where S, = sign (Re} — Ry), Sp = sign (Reg — Rg) which will be required for deter- 
mining the path characteristics between the individual sections of the cutter path. 


The position of the data in the memory unit of the computor is shown schematically in Fig. 8. In this illus- 
tration the data travel from right to left. 


Let us now consider a cycle of operation, other than the initial or final cycle, where the type of cutting does 
not change (no transition from the external to internal milling, and vice versa, takes place), In this case all cells 
described above contain information, The cycle begins by reading the instruction from the CP tape. Let us assume 
that the read instruction begins with words "do..." or "po...” 


If the instruction begins with the symbol "po . . .” and the preceeding instruction was * do kr. . ." or 
do pr..." then the read and the preceeding geometrical elements are compared, In the case of an agreement, the 
last instruction was an excessive information in CP and the APS proceeds to reading the next instruction, In the case 
of a disagreement the information is decoded and the standard form of the corresponding section calculated, The 
calculated figures are entered into the standard cells of the “next” section of the part's profile whereupon the APS 
turns to the reading of the next instruction, The procedure is the same if the preceeding command signal was 
"do tk...” 


In the case when the preceeding instruction begun with the symbol “po. . .” or is being read at the given 
moment with the symbol "do. . ." then a shift of information takes place. Thereupon, if the information read was 
"dokr...", "pokr...","dopr... “,or "popr...” it is decoded, the standard form of the element determined 
and the obtained quantities fed into the standard cells of the "next" section. Then the point is determined in which 
the “next” and “current” sections of the contour intersect. The coordinates of this point are registered in cells X™, 
Y™. If the read instruction was “do tk. . ." the coordinates of this point are entered, after they have been calculated 
into'cells X", Y". Now the program proceeds to finding the current section of the cutter path. The process depends 
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on whether an internal or an external surface is milled or whether the center of the cutter moves on the work's con- 
tour (the instruction is given at the beginning of CP), If there is no need to determine the cutter center path ("frO") 
then the data of the “current” section of the contour are fed directly into the cells of the “current” section of the curve 
of the cutter path, If this is a circle it is also necessary to remember + 1. If, however, the signal "fr" or “fr + " is 

in operation the cutter path must be calculated and the quantities obtained fed into the cells of the “current” section 
of the cutter path curve. In the case of a circle S, or S, is determined, 


It is necessary to calculate the point of intersection of the preceeding and the current sections of the cutter 
path and to feed the corresponding coordinates into the cell X",, Y",. The cycle is completed by the calculation 
of differences and the typing of the necessary information. 


After reading the signal “ot tk. . .” on the tape the geometrical meaning of the command signal is decoded 
and the coordinate of the point calculated and fed into cells X", Y™. Thereupon the new instruction is read from the 
CP tape. In the subsequent cycles, after shifting the information and the finding of new X™, Y™, X” is transformed 
toX"., Y" toY", and the data of the “current” section of the contour are fed into the cells of the current section 
of the cutter path. Now the next instruction can be read from the tape, 


For reading from the tape of the instruction “stop” shifts the information, transfers X" to X"_ and Y" to Y"., 
and also initiates the calculation of differences and typing and stops the computer. 


The calculation of the cutter center path curve for a section of the part's profile is determined by the instruc- 
tion which indicates the position of the tool center with respect to the part, i.e., cutter to the left, to the right, or 
on the profile; "fre" (& = +,—, 0) (the radius of the cutter radius is intoduced together with the numerical data), 
The instruction “fr —" -is operative during the entire program up to the next identical instruction, If the last in- 
struction before the current “fr €” started with the symbol “po. . .” then the cutter path for the “next” section must 
be calculated according to the preceeding "fr". For this reason the calculation of the cutter path according to the 
next "fr €" begins not before a double shift of information takes place when the standard cells of the “current” sections 
contains the data on the section punched on the CP tape following the signal "fre". If the preceeding “fr €" signal 
started from the left,"do. . .",the standard cells of the “next” section contain (or receive during the next cycle not 
accompanied by the shift of information) the data determined by the instruction contained in the CP after “fr &". 
Consequently, the cutter path is calculated, in accordance with the new “fr €” instruction after the information has 
been shifted once, 


5. Experimental Testing of APS 





The basic part of the developed APS was programmed for a definite workpiece on a M-3 computer, The amount 
of information in the program was determined by the capacity of the rapid-access memory of the M-3 computer, 
The volume of the main parts of the program is shown in Table 4, 


TABLE 4 

Unit No. of cells 
Command of signal decoding unit and the 46 
decoding unit of the geometrical meaning 
of the signal 
Control unit 214 
Converter unit 510 
Constants 41 
Path curves 80 


Since there were not special input devices for tansforming the language program into the binary code the letters 
and symbols of the programming language (see Table 1) were expressed by numbers in the octonary system. 


After feeding the CP into the input unit and starting the computer the cutter center path curve for the part 
illustrated in Fig. 1 was calculated in 225 seconds. Examination of results showed that all sections of this curve had 
been calculated correctly (with an accuracy to 10 places of the octonary system), that no accumulation of errors had 
taken place, and that the calculated path had begun and ended exactly at the origin of the coordinate system. Table 
5 shows the time taken to calculate the individual stages of the program for the workpiece concerned. The same 
Problem was presented to programmer-mathematicians who took 7 - 8 hours to calculate the basic points of the cutter 
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TABLE 5 | path, using ordinary keyboard computers. The test 
shows that the use of the APS in calculating the basic 


Time in min. 

Ppagpome,seage on rae points of the cutter path for a relatively simple work 
Compiling the language program 20 - 25 can speed up the calculation process 7 - 8 times, The 
Punching the language -program tape 10 - 12 gain greatly increases with more intricate parts. 
Cheching. te. ene oe Using more rapidly operated computers equipped 
Feeding the designation group 8 4 ‘. 

Calculation on the M-3 computer 4 with ferrite memory (e.g., "Minsk-1"° and photo - 


electrical input units the calculation time can be re- 
Total 54 - 64 duced further to 1/ 60 which will reduce the total time 
required for programming by a further 20-25%, 


SUMMARY 


1, The automatic programming system eliminates the need to calculate the geometrical elements of the work- 
piece not given numerically and to set up the algorithm for their calculation; these functions of the program operator 
are transferred to a general-purpose computer. 


2, The unknown geometrical elements of the contour can easily be determined by means of elements given 
numerically and by those determined earlier, The determined elements are recorded in terms of simple expressions 


of the programming language. 


3, The preliminary calculation of the tool center path is obviated altogether; it is effected automatically by 
the general-purpose computer, The setting up of algorithms for calculating the cutter path curve is reduced to a 
simple description of the path by the controlling program written in the programming language. 


4, Since the entire program prepared by a programmer is in the mnemonic language, the possibility of an error 
in this program is reduced to a minimum, 


5. Since the programmer performs no calculations and the program is written in the programming language the 
time needed for its preparation is reduced to a fraction of the usual time. 


All these considerations lead to two general conclusions, 


Firstly, the automatic programming system makes possible a partial automation of the first stage of the pro- 
gramming process thus reducing the amount of mental work of the human operator. 


Secondly, it eliminates the need to prepare accurate engineering drawings. These can be replaced by hand 
sketches,which considerably simplifies the work of the designer. 


The author is greatly indebtedtoV, A, Kotel'nikov for his valuable suggestions, 
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AUTOMATIC THICKNESS CONTROL OF COLD - ROLLED STRIP, 
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A new system of automatically controlling the thickness of cold-rolled steel strip, using as the basis 
the variation of the edge thickness, is described, The general design and the results of testing the 
system on an electronic model are given. 


1, Problem Setup 





The existing systems of automatic control fail te ensure an adequate uniformity of the gauge of the cold strip 
rolled on modern high-speed mills, Therefore a further improvement of the present gauge-control systems and the 
development of new types has become an urgent problem for the rolled metal industry, 


The main cause of deviations of the thickness of cold-rolled strip from its nominal value is that the component 
parts of the mill are not perfectly rigid. Their elastic deformation varies, due to fluctuations of the forces acting on 
the rollers during the rolling process, The actual value of this deformation is commensurate with the thickness of the 
strip. This results in considerable variations in the thickness of the final product, 


The forces acting on the rollers depend on a number of factors, The most important of these are the properties 
of the material being rolled and the rolling conditions, The greatest effect on the rolling accuracy is caused by the 
variation of the thickness of the edge of the original strip due to the “inherent” differences in the thickness of the 
hot-rolled strip, which is due to the eccentricity of the rollers and the variations of the forces in the mill on which 
it was produced, The main source of disturbances in automatic systems controlling the strip thickness during cold 
rolling are the variations of the edge thickness [1)}. 


In the existing automatic thickness control units for cold-rolled strip the automatic control action is obtained 
by measuring the deviations of the thickness of the rolled strip which is measured by contact or contactless thickness 
guages situated after the stand, The timelag between the measurement and the reduction process caused by such 
arrangment of the thickness guage and the considerable inertia of the screwdown mechanism in such a system, makes 
it possible to obtain a high quality of regulation, 


But such a system can be based on the measurement of the edge of the strip before the section in question enters 
the stand. The gain in time obtained by installing the edge thickness gauging unit some distance in front of the stand 
makes it possible to eliminate the unfavorable effect of the inertia of the screw-down gear, and this improves the 
quality of regulation. The designs of automatic control systems operating with automatic correction of the parameters 
of the compensating devices are considered in [1 - 3]. 


In the automatic thickness control system developed by the author at the Institute of Automation and Tele- 
mechanics at the Academy of Sciences, USSR, the controlling action on the screw-down gear is regulated by a thick- 
ness gauge arranged in front of the stand. The system is intended for controlling the thickness of the strip rolled on 
a reversing cold-rolling mill, or on the first stand of a continuous rolling mill in which the thickness is varied by 
operating the screw-down gear while the tension of the strip is held constand by means of a quick-acting automatic 
device. The deviation of the strip thickness from its nominal value is expressed by the equation 


Ah = 57 AH + 2 As, (1) 








where AH is the deviation from its normal value of the thickness of the strip entering the stand and AS is the displace- 
ment of the upper roller from its normal position. 


In order to make the deviation Ah of the strip thickness zero when the edge thickness AH#0, the upper roller must 
be moved through a distance AS, The value of the coefficient characterizing the ratio AS /AH depends on a number 
of factors and varies continuously during the rolling process, In the automatic control system being considered a logi- 
cal action relay system is provided to maintain this coefficient constant after comparing the deviations of the strip 
with the thickness of the edge in front of the roller. 


2. The General Principle of the Gauge Control System 
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Fig. 1. 


Figure 1 shows diagrammatically the automatic control system being described. The deviations AH of the edge 
thickness measured by the thickness gauge GT, are passed through the lag control unit LCU to the amplifier CA, whose 
amplification factor is variable. The drive of the LCU is synchronized with the main drive of the stand; the indica - 
tions of the thickness gauge GT, are therefore fed into the amplifier CA after a periof of time r;, during which the 
strip travels from the point GT, where it was measured, to the rollers; Tr, = 2; / vy there 7, is the distance between the 
thickness gauge GT, and the axes of the rollers, and vq is the velocity of the strip entering the stand. Thus, the con- 
trol action is passed on to the screw-down mechanism at the moment when the section of the strip with measured 
thickness enters the roller path. In fact, however, because of the acceleration of the screw-down mechanism, the 
time lag of the LCU is made slightly smaller than the time taken by the strip to move from GT, to the rollers, 


The signal AS received by the servomechanism of the screw-down gear from the amplifier CA is compared with 
the signal AS* which shows the actual motion of the rollers as determined by the position transducer TP. The differ- 
ence AS—As' controls the operation of the screw-down mechanism motors (through the amplifier A). 


The amplifier CA provides the proportionality factor between the strip thickness AH, and the displacement of 
rollers AS needéd to eliminate it. The amplification factor of the CA amplifier is proportional to the integral 


g(t)=k (sgn AH (§ — tT, — Te) Ah (E) dé + @ (0), (2) 
0 


where T2 is the time taken by the strip to cover the distance between the rollers and the thickness gauge GTp, in- 
stalled after the stand which measures the thickness of the rolled strip, i.e., T, = 1, /v, where J, is the distance be- 
tween the roller axis and the thickness gauge GT2, and vz is the velocity of the strip leaving the pass. 
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If the deviation of the thickness of the rolled strips has the same sign as the deviation of the edge thickness, 
the amplification factor of the CA amplifier is too small, i.e,,the compensation of the system is inadequate, In this 
case the amplification factor should be increased, with the result that the integral in (2) increases, If the sign of the 
deviation of the rolled strip from the required value is different from that of the strip entering the rollers, then the 
amplification factor of CA exceeds the requied value, i.e., the system is overcompensated. In this case the integral 
should be reduced, The amplification factor of the CA amplifier is regulated by means of an impulse unit. This 
can be effected by means of a logical-action relay circuit and integrator, on the basis of the comparison of indications 
of both thickness gauges, with the time lag taken into account, 


The impulse integrator unit consists of two electronic integrators, a relay unit, a rectifier, and a capacitor; it 
determines the duration of the regulating action on the amplifier CA in accordance with the strip thickness measured 
by the GT, gauge and also the length of the intervals between these actions on the basis _ the voltage produced by 
the tachometric generator TG, which is positively connected with the main drive, 


During the pause the relay R3 is deenergized. The input of integrator 1 receives voltage proportional to the 
rolling speed, while the output voltage monotonically increases until its value exceeds the standard voltage of the 
source Ey, The input resistance of integrator 1 is set so that after an interval equal to the time lag of the thickness 
measurement of the rolled strip Tz, the output voltage of the integrator becomes equal to the standard voltage and 
operates relay R1. The contacts of relay Rl bypass the capacitor C, for a short period of time, with the result that 
the output voltage of integrator 1 decreases to zero. At the same time the winding of relay R3 becomes connected to 
the thickness gauge GT, by the other pair of contacts of relay Rl. If the thickness of the rolled strip is the same as 
the required value there will be no voltage at the thickness gauge output: consequently, the amplification factor of 
the CA amplifier has been selected correctly and requires no adjustment. In this case relay R3 will not operate. After 
a brief bypassing of the capacitor Cy by the contacts of relay Ry the cycle of integration by the integrator of voltage 
generated by the tachometric generator TG is repeated, If the amplification factor of amplifier CA has been select- 
ed incorrectly the thickness of the rolled strip differs from its normal value and produces a voltage at the output of the 
thickness gauge TGz. The closing of the contacts of relay Rl operates relay R3 and blocks itself. Then the winding 
of the polarized relay RP2 becomes connected to the output of the thickness gauge GT;, and the logical action relay 
circuit is activated either increasing or reducing the amplification factor of amplifier CA by means of integrator 3. 
At the same time the feedback link of integrator 1 is bypassed by the normally open contacts of relay R3, amd the 
integrator is disconnected. 


During the operation of relay R1 the absolute value of the output voltage of the thickness gauge GT, passed 
through the third pair of contacts of relay R1 is remembered by capacitor Cs, During the pause capacitor C, of the 
feedback link of integrator 2 is bypassed by the normally closed contacts of relayR3, and the output voltage of the 
integrator is zero. During the operation of relay R3, integrator 2 begins integration and its output voltage U, shows 
a linear increase. After a period of time, which can be adjusted by means of the input resistance of integrator 2, the 
output voltage reaches a value taken from capacitor Cs by means of a cathode repeater, This operates relay R2, which 
disconnects the winding of relay R3 and this, in turn, releases the polarized relay RP2, Thus, the time of operation 
of the logical-action relay circuit is determined by the operation time of integrator 2, which is proportional to the 
deviation of the strip thickness measured after leaving the stand at selected moments of time, After the relay R3 has 
been released the feedback link of integrator 2 is again bypassed, and its output voltage rapidly decreases to zero, 

At this time integrator 1 begins the next integration cycle, i.e,, a new pause. Consequently, electronic integrators 
1 and 2 operate in turn and determine the times of connecting and disconnecting and adjustment of amplifier CA. 


3. Some Results of Experimental Testing of the System on an Electronic Modei 








The testing of the system described above on an electronic model showed that the uniformity of thickness of 
the rolled strip which can be obtained with the system described depends mainly on the speed of response of the 
screw-down mechanism of the stand, on the rate with which the parameters of the stand change,and on the speed with 
which the amplification factor of the CA amplifier can be changed. 


Figure 2 shows an oscillogram which illustrates the variation of the input voltage of the unit U;,,; this voltage 
is proportional to the deviation Ah of the thickness of the rolled strip - the latter was given as a sinusoidal curve, 
When the system is in operation the output of the impulse unit shows a sequence of square pulses Upyt, which are 
passed on to integrator 3 whose task it is to adjust the amplification factor of amplifier CA, The oscillogram also 
shows the sawtooth curves representing the operation of integrator 1 (U,) and 2 (U3), 








Owing to the inertia of the screw-down mechanism the system 
Vout cannot alter sudden variations of strip thickness, This results in a de- 
ri + o ’ ¥? ¥ ¥ - - a - ¢ 4, > we * ~ > viation of the thickness of the rolled strip during the transient period 


GIJIJISJI SSIS SNS ISN SS. of the screw-down gear, Such deviations are independent of the ampli- 
Uin fication factor of amplifier CA and are observed even when the ampli- 
1 s sec fication factor of CA is set correctly, After the end of the transient 


period all low-frequency variations of edge thickness are compensated, 
The device which adjusts the amplification of amplifier CA must not 
react to these variations of thickness of the rolled strip. To achieve 
this, relay R4 is placed at the servomechanism input whose normally closed contacts are connected to the output of 
integrator 1 (Fig. 1). The dead zone of relay R4 is made larger than the corresponding zone of the system controlling 
the lifting and lowering of the rollers. During the transient process the unbalance voltage of the servomechnism 
exceeds the dead zone of the relay R4, and its normally closed contacts open. This does not operate relays Rl and R3 
while the pulse unit remains at rest during the pause. Therefore,the amplification factor of CA as set before the 
transient process of the servomechanismremains unchanged, In order to ensure that, during a prolonged pause, the 
output voltage of integrator 1 does not exceed the permissible value, a diode limiter is provided in the feedback 
circuit of the integrator. 


Fig. 2. 
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Fig. 3, 


The results of this experimental investigation of the thickness control system on an electronic model repre- 
senting a reversing cold-rolling mill for non-ferrous metals showed that this system should improve the uniformity 
of strip thickness more than the existing systems. It eliminates all slowly changing variations of thickness but leaves 
unaffected high-frequency changes (with a. frequency above 0.2 cps), as shown on the oscillogram (Fig. 3a), The 
system is stable in operation despite the disturbances, and ensures a high quality of regulation when the amplification 
factor of the mill stand varies in accordance with a sinusoidal law, with an amplitude corresponding to 20% of the 
average value and with a frequency of 0.05 cps (Fig. 3b), The positive results obtained in these tests support the 
satisfactory operation of this control system. 


LITERATURE CITED 


1.  Chelyustikin,A. B, “Automatic Control of strip profile on continuous cold-rolling mills". A paper presented 
to the All-Union Conference on the Automation of Production Processes. Scientific-Technical Society of 
Ferrous Metallurgy, 1956. 

2, Chelyustkin,A. B, and Ivanov,V. A. "A self-adjusting automatic control system for electrical tube-welding 
machines", Elektrichestvo, No. 2, 1960. 

3.  Doganovskii,S, A, and Fel‘dbaum,A. A, "An investigation on an electronic model of the degree to which 
variations of edge thickness during rolling of strip have been compensated”, Avtomatika i telemekhanika, 20, 
No, 2, 1959, 





ee 





i- 
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At the present time there is a tendency to solve all problems of switching circuits by using electronic com - 
puters. Where such a facility is not available, or in the case of an easier problem, graphs, tables, and maps are 
used. We try to prove here that even a very primitive mechanization of computing in Boolean algebra is desirable. 
As an example, we show how to find a minimal form of a given Boolean function with the aid of contact grids, 
directional grids, and special symbols for integers. The theoretical background of this problem has been well 
treated in the literature, In our discussion we shall use the language used in the paper of Urbano and Mueller [1]. 
(This paper also contains a list of other theoretical papers.) 


Contact Grids 








Contact grids were described by A. Svoboda [2, 3] as graphical-mechanical aids for computing in Boolean 
algebra, For a detailed description of contact grids we refer the reader to the original paper. Here we shall simplify 
our task by fixing our attention on contact grids handling functions of six independent variables, 


% =—7, yi =/Yy; Tq = 2, Zz = X, DL = Y, 2, = Z. 


The 6-cube is represented in the form of a map as shown in Fig.1. A given Boolean function f(ZYXzyx) 
is projected on the map by marking with a dot the states (vertices) in which f;= 1. The. function mapped in 
Fig. 1 has 


f(410101) = #(G5) =0, 7(001010)= f(B2) = 4. 


An assortment of contact grids for six variables Z, Y, X, z, y, x is drawn in Fig.2, The grids are made 
from paper, cardboard, or plastic material. By rotating them about the axes marked in the figure we obtain grids 
representing Z= x5, Y= Xq..., X= X. 


If all 6 { = n) grids are superposed, as sketched in Fig.3, only one little square is transparent, The location 
of this window depends on the selection of the grids. As shown in the figure the window corresponds to the block 
B2 of the map, and the grids selected are Z, Y, X, Z, y, x. The set of grids can be taken as a model of the Boolean 
tem Z+ Y*X+zZ-~-y-x, the window indicating the position on the map of the corresponding point (vertex) B2 of 
the 6-cube. 


In the language used by Urbano and Mueller we regard the unit n-cube as being made up of cells: 


0-cell or vertex—a point 
1-cell—line segment 
2-cell—quadrilateral 
3-cell—hexahedron 
k-cell 


, ne ee 
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* Copyright, 1959, Harvard University Press. This article originally appeared in PROCEEDINGS OF AN INTERNA - 
TIONAL SYMPOSIUM ON THE THEORY OF SWITCHING, VOL, I, and has been reproduced here by permission of 
Harvard University Press. 
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The vertices of the 6-cube correspond to the terms of the canonical form of the given Boolean function: 
+Z+¥-X-+%-¥ +, where the dot above a symbol means the choice between a variable (say y) or its comple- 
ment (say y). Any selection of 6 contact grids represents a model of a vertex. 


A k-cell corresponds to a term with n-k variables. Any selection of n -k contact grids is a model of a k-cell, 
There are 2k windows in the model corresponding to the 2K vertices, the 0-faces, of the k-cell. 
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‘ig. 1. A map of a given Boolean function f (Z,Y.X,z,y.x). Fig. 2. Contact grids for six independent 


variables Z, Y, X, Z, y, x. 


Example 1, The function mapped in Fig.1 is a 6-dimensional body immersed in a unit 6-cube, The 
vertices of the body are represented by dots. A dot being marked in the block B2, the value of the function 
f(Z, Y, X, z, y, x) = F(001 010) = 1, The canonical form therefore includes the term ZYXzyx. 


Example 2. Find all cells incident with the vertex B2 in the body defined in Example 1. First we make a 
model of the vertex B2 as shown in Fig.3. | By placing it on the map of the given function (Fig. 1) we check the 
model: a dot must be seen through the window. It is clear that if we take away from our model any number of 
grids the window B2 will remain transparent. By taking away k grids we obtain a model of a k-cell incident with B2. 
Such a model will have 2 transparent windows, corresponding to the positions of the vertices of the corresponding 
cell, Looking at the map of the function through the model we see at once whether the cell belongs to the body of 
the function or not. If so, we see dots (symbols for the value 1) in all windows of the model. The search can be 
done systematically starting with all 6 (=n) 1-cells represented by sets of 5(=n—1) grids. The favorable cases are: 


The original combination: ZYXzyx 0-cell B2 
ZYXyx 1-cell B26 
The 5-grid combinations: { Z Xzyx 1-cell BD2 
YXzyx 1-cell BF2 
Z Xyx 2-cell BD26 
The 4-grid combinations: “2 
eliiind ” Xzyx 2-cell BDFH2 


The favorable 5-grid combinations were found from a favorable 6-grid combination. In the same way the favorable 
4-grid combinations are found from favorable 5-grid combinations. The 2-cell BD26 is obtained from the 1-cell 
B26 by taking away the grid Y (Fig. 4). 





“" 


Remark. The reader will note that the symbols employed here, for example, B2, B26, BDFH2, represent 
Boolean forms, for example, , the symbol _ for intersection falling always be- 
tween the letters and the numbers. 


Basic Cells and Stars 

The symbolism introduced in the last example makes it quite easy to enumerate all basic cells incident with 
a given vertex. The cell B26 is not basic as it is included in the cell BD26 (B is in BD, 26 is in 26), In the same 
way, we eliminate B2, BD2, BF2 in the last example, The cells BD26, BDFH2 which remain are basic. They form 
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Fig. 3. Model of the Boolean term Z-Y- Fig. 4. Model of the 2-cell BD26 (a 4- 
+X -Z+y- X (the block B2 on the map). grid combination Z - X - y - x). 


the basic star of the vertex B2 in the sense of Urbano and Mueller. We could write down a table of basic stars, 
find the essential stars, enumerate the irredundant coverings, and conclude with the selection of minimal coverings. 
We shall show a method for solving the same problem using other graphical and mechanical aids. 


Directional Grids 








Starting from a given vertex of the unit n-cube there are n 1-cells (line segments) emanating in n different 
directions, We shall describe a simple aid, in the form of grids which indicate on the map all possible 1-cells 
incident with a given vertex. 


Directional grids are models of 2" bodies described as follows (Fig. 5): The directional grid 0 is the model 
of a body possessing as vertices all points 0 (that is, AO, BO, ... , HO) and all end-points of 1-cells (line segments) 
emanating from points 0 in all directions. 
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Fig. 5. Directional grids for six variables, By rotating the grid 0 
about the vertical axis we get the grid 7 (and so on), 


In the same way we define the directional grids 1,2, 3,..., 7, A,B,...,H. Thus the directional grid B 
is a model of the body possessing as vertices all points B (that is, BO, B1, B2, . . . , B7) and all end-points of 1-cells 
(line segments) emanating from points B in all directions. Only half of the grids need be made: grids 4, 5, 6, 7 are 
obtained by turning over grids 3, 2, 1, 0, and grids E, F, G, H are obtained by turning over grids D, C, B, A. 





TABLE 1 




















Vertex | Weight; k Cell Term Remarks 
A6 1 1 | AB6 ZYzyx Suff. cond. of 1st step 
C4 2 2 CD04 ZYyx Suff. cond. of 1st step 
G1 2 2 | ACEG1 xZyx Suff. cond. of 1st step 
H3 2 2 H2367 ZYXy Suff. cond. of 1st step 
AO 3 2 ACO1 Suff. cond. of 1st step 
2 AE01 not satisfied 
H4 3 3 DH4567 YXz Suff. cond. of 1st step 
F7 3 3 BDFH57 Xzx Suff. cond. of 1st step 
2 |cpo1 ZYzy Suff. cond. of 2nd step 
” : 2 D0145 i Two equivalent coverings 
ZYXy 8 
AO 1 2 | AEO1 YXzy Suff. cond. of 2nd step 
2 | AE15 ~— Suff. cond. of 2nd step. 
” . 2 ABEF5 of Two equivalent coverin 
Yzyx Bs 
Fl 1 2 | EFO1 ZYzy Suff. cond. of 2nd step 
B2 2 2 BDFH2 Zzyx Suff. cond. of 2nd step 





To find all 1-cells emanating from a given vertex of a body corresponding to a Boolean function described 
by our map, we place suitable directional grids on the map and read the cells. 


For instance, using grids B2, we obtain the configuration shown in Fig.6. | Looking along column 2 and row 
B, we read 1-cells: BD2, BF2, B26. Certain remarks concerning ceils of higher order we leave to the reader. We 
point out that only three 1-cells (segments) connect vertex B2 with its neighbors: B6, D2, F2. 
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Fig. 6. Reading all 1-cells incident with B2, 
Reading in the direction of arrows: B26, BD2, 
BF2. 
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Fig. 7. A map of a Boolean function showing 
weighted vertices. Only one 1-cell is incident 
with vertex A6, Six 1-cells are, incident with 
vertex H7, 


Weighting Vertices 
We take the number of 1-cells incident with a vertex as its weight W. On the map of the function we mark 
these weights by special symbols as indicated in the following table: 
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TABLE 2. First Trial Solution for the Function of TABLE 3. Second Trial Solution for the Function of 
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2 E0123 ZYXZ 4 2 EFGH2 Zzyx 4 
2 AC13 ZXZx 4 2 AE13 YXZx 4 
2 CDGH7 Yzyx 4 1 C37 ZYRyx 5 
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Total 16 Total 17 
fo] 
A ad 9 
8B ' 
Al: c 
8 D 
c f 1 
Divi: fF t 
Ell: 6 
Filefie H ee 
6 
“ 














b 


Fig. 8. a) Marking of the cells satisfying the sufficient condition for inclusion (Theorem 1) ; 

b) the application of the directional grid 0 to reduce free weights of vertices. We work in the 
rows C, D where a new bound vertex appears. Only weights of free vertices are reduced. There- 
fore no change occurs in the row C; c) the situation after the reduction of weights in rows C, D 
as the result of the application of the directional grid 0. (Added graphical elements are in- 
dicated by heavy lines.) 


The symbols are composed so as to make graphical subtraction possible. To subtract m units from a weight 
we add m graphical elements to its symbol (the symbol for a weight W is composed of n—W line segments), 


To plot the weighting symbols in the map, we use the directional grids as shown in Fig.6, _ It is only neces- 
sary to count the empty squares found in column 2 (one square) and in row B (two squares), The total number of 
empty squares (three) indicates directly the number n-W of graphical 
elements for the symbol representing the weight of the vertex. In our case 
we fill in the symbol [-| writing down three graphical elements, By repeat- 
ing the same procedure for all vertices of the given function we obtain the 
map shown in Fig.7. | We observe that E1, H7 are vertices at which six 
1-cells of the body meet. Vertex A6 is one from which only a single 1- 
cell emanates, 


The Determination of a Minimal Form 

The information contained on our type of map of a Boolean function 
can be used to find a minimal form of the function. We have two models 
of the function at our disposal: the abstract model represented by the body 
Fig. 9. The map after completion embedded in the unit n-cube, and the concrete model represented by the 
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of the first methodic step. Free map. On the map we have additional information about the weights of 

weights of free vertices have been vertices of the body. It is possible to visualize certain important features 

reduced, of the body by observing the patterns formed by vertices with regard to 
their weights. 
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A minimal form will be compiled from terms corresponding to cells used as building blocks for the body of 
the function. The construction of the body and the composition of a minimal form will proceed in parallel, 


First step. We start by processing the information contained in the original map of the function, looking for 
terms which must be included in each of the possible minimal forms of the given function. 


Theorem 1. A sufficient condition for inclusion of a term T in (any of) the minimal forms of a given function 
is the incidence of the corresponding k-cell t with a vertex V of weight k. 


Proof. A k-cell has k 1-cells incident with any of its own vertices. All k 1-cells emanating from the vertex 
V therefore belong to the k-cell t incident with this vertex. For this reason all (k - 1)-cells, (k - 2)-cells,... , 0- 
celis incident with V belong to the k-cell t (being its faces), We have to use one of these cells as a building block 
for the body of the function, To get a minimal form only the k-cell t can be used. If we were to use a (k - s)-cell, 
s=1,2,...,k, the corresponding term would add n -(k - s) operations to the number of operations of the minimal 
form. Such a form would not be minimal, because by substitution of the k-cell for the (k-s)-cell we could reduce 
the total number of operations of the form bys > 0. 


Remark, By adding a term corresponding to a k-cell we add n - k operations (sum and product) to the num- 
ber of operations of the form. 
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Fig. 10, Second step; critical Fig. 11. Second step; critical Fig. 12. Second step; critical 
vertices: D1, AO. vertex: A5. vertex: Fi, 


Example 3. A Boolean function is given on the map in Fig.7. _ Find the terms of the minimal form ful- 
filling the sufficient condition presented in Theorem 1. We always start with vertices of smallest weight; for 
vertices of weight 0 or 1 there is always a cell fulfilling the sufficient condition, During the following discussion 
we refer to Table 1, 


The vertex A6 has weight 1. Therefore there is only one vertex with which it is connected through a 1-cell. 
Using contact grids or directional grids we find the 1-cell to be AB6 = ZYzyx. 


The vertex C4 has weight 2. Using grids we find the 2-cell CD04 incident with C4, All minimal forms must 


include the corresponding term ZYyx. 

Similar arguments apply to vertices G1, H3, H4, F7. In the last two cases there are 3-cells incident with ver- 
tices of weight 3, The vertex AO is also of weight 3, but there is no 3-cell incident with this vertex. The sufficient 
condition is not fulfilled for any of the 2-cells incident with this vertex. 


The elements of the minimal form compiled in the first step are plotted on the map of the function. Hence- 
forth the vertices of the body of the function fall into two classes: bound (to the chosen building blocks of the body 
of the function) and free. 


Definition. The free weight W of a vertex Vy is the number of 1-cells belonging to the body of the Boolean 
function incident with the vertex V, and incident with W free vertices V;, Vz,..., Vw (and with no other vertex). 
The vertices Vy, Vz, ..., Vi are called free neighbors of the vertex Vp. 


The first step includes the determination of free weights for all free vertices. When a building block is added 
in constructing the body of the function the free weights of some vertices are reduced. This reduction is marked 
down on the map quite easily, by virtue of the property of the symbols used, To reduce a weight by m units we 








1 





add m graphical elements to the corresponding symbol for the weight. The adjustment of the weights is mechanized 
by the use of directional grids. 


Example 4. Complete the first methodic step using the results obtained in Example 3. First we mark down the 
cells satisfying the sufficient condition of inclusion (Fig. 8a), We then reduce the free weights of free vertices. 
Starting with the directional grid 0, we place it properly on the map (Fig. 8b) and in the column 0 look for vertices 

which have been bound. They are two: C0, DO. In the rows of these ver- 
tices we reduce the free weight of each free vertex by one by adding a 

O1234567 graphical element to its symbol. The detail of Fig, 8c shows the situation 

° immediately after the reduction of free weights by means of the grid 0. 


: ‘o] In the same way we apply grids 1,2,...,7,A,...,H. The final 
result of the reduction is shown in Fig. 9. 

















Second step. The body of bound vertices built during the first step is 
io} We) known to belong to each of the minimal forms of the given Boolean function, 
The k-cells used as further building blocks of this body will be selected using 
a weaker sufficient condition for their inclusion, In the first step we were 
looking for terms included in each of the minimal forms; in the second step 
we are satisfied with terms included in at least one of the minimal forms. 








ror HOO & D 











Fig. 13. Second step; critical 

vertex: B2. The celi BDFH2 is 

also a K-cell for the critical Theorem 2. A sufficient condition for a Term Tp + 4 to be included 

vertex D2, in at least one minimal form of a given function is satisfied when all the 
following propositions are true: 


1, The partial form F, = Ty+ Tg +... + Tp, (corresponding to the body of all bound vertices built from 
cells ty, &, . .., tn) contains terms Tj, i= 1, 2,...,m, included in one of the minimal forms; 


2. There is a K-cell tp 4 y incident with a free vertex Vo, with all its free neighbors V;, V2,...,. Vw, with 
free vertices Vw + 1, Vw +2,-.-.» Vw +p, and with any number of bound vertices (W = K being the free weight 
of the vertex V9); 


3. There is no k-cell incident with V» and with another free vertex not belonging to the set Vo, Vj,.... Vw +p! 
4, All k-cells incident with Vg have k = K; 
5. The term Tp 4 1 corresponds to the K~cell t, , 4. 


Proof. The body F,, of bound vertices does not include the free vertex Vg. There must therefore be at least 
one k-cell tp, + y incident with Vg which will produce the term Tj, + 4 of a specific minimal form F" (that is, one 
of the minimal forms), The form F’ can be transformed into another form F by deleting the term Tj, , , (deleting 
the k-cell ty + 1) and adding the term Tp 4 q (introducing the K-cell tp + y). Then the following statements are 
true: 


a) The vertices uncovered by deleting the k-cell t, 4 , include one or more of the vertices Vo, Vj,....Vw 4 P 
and no others [cf. statement 3 }; 


b) All vertices uncovered by deleting th + 4 are covered by the K-cell [cf, statement 2 ]; 


c) The forms F, F" have the same combined sums S, S' of the number of + and - operations. The form F’ 
being minimal it is clear that S = S'. On the other hand we can write 


S=S’—(n—K)+(n—K)N=S+k-K<S, 
where n - k is the number of operations corresponding to the deleted term T', 4 3, and n - K is the number of 
operations corresponding to the added term Tp +, [cf. statement 4]. We conclude that S = S’. 
The form F being minimal, we see that at least one of the following two statements is true: 


I) At least one minimal form F' exists which does not include the term Tp + 4 (corresponding to K~-cell t,,3); 
then the term Tp + ; belongs to a minimal form F which may be constructed from F’; 








1!) A minimal form F’ which does not include Tp, 4 ; does not exist. 


It has thus been proved that a K-cell satisfying the sufficient condition defined in Theorem 2 produces a term 
Tn + 1 belonging to at least one minimal form. 


Example.5, Perform the second methodic step based on the results obtained in Example 4. 


The free vertex D1 has free weight W = 0. There are no free neighbors. There are two K-cells: CD01, D0145 
fulfilling the sufficient condition of Theorem 2. Both cells have K = 2, and each will produce a different minimal 
form (see Table 1). By including either of the terms ZYzy, ZYXy we bind the free vertex D1. We mark it on the 
map by crossing it out. This will not change the free weights on the map because the vertex D1 has no free neighbors, 


The vertex AO has free weight 1 and therefore one free neighbor E0. The 2-cell AEO1 satisfies the sufficient 
condition of Theorem 2. Statement 1 of Theorem 2 remains valid after each repetition of the second methodic 
step. Statement 2 is true since W = 1, K= 2, Statements 3 and 4 check, For instance, the 2-cell ACO] is not 
a K-cell. It is incident with AO and has k = 2 but it does not cover E0, the neighbor of AO, We therefore add the 
term YXzy, cross out the vertices AO, E0, and reduce the weights of the neighbors of these vertices. In this case the 
free weights of vertices F0, E2 are reduced by one. The appearance of the map is then as shown in Fig. 10. 


Vertex Fl has weight 1. Vertex FO is its only free neighbor. The 2-cell EFO1 is not a K-cell. It is incident 
with F1 and with all its neighbors, but there is a cell EF15 incident with F1 and with free vertex E5 which is not 
covered by EF01 [cf. statement 3 of Theorem 2]. As it is impossible by the means at our disposal to make a de- 
cision for F1, we try another vertex. 


Vertex A5 has free weight 1, There are two equivalent 2-cells AE15, ABEF5 satisfying the last sufficient con- 
dition, Each covers the free neighbor E5. There is no change of free weights on the map since vertex E5 has also 
the free weight 1, and therefore there cannot be any other free neighbors of either A5 or E5. The situation is shown 
in Fig, 11. 


Now vertex F1 can be covered by a K-cell EF01 because vertex E5 is no longer free. We come to the situa- 
tion in Fig, 12, 


Vertex B2, having free weight 2, has free neighbors D2, F2, The 2-cell BDFH2 covers both neighbors and 
satisfies the last sufficient condition, The same is not true for the 2-cell BD26. After this step the situation on the 
map is as shown in Fig, 13, 


Third step. Using the sufficient condition of Theorem 2 we come to the situation (illustrated in Fig. 13) where 
all of the criteria used previously fail. Then we start with some vertex of smallest possible free weight and try all 
possible coverings of its neighbors. For each covering we finish the compilation of the minimal form by repeating 
the second methodic step, count the number of operations introduced in each of the resulting forms, and decide which 
trial has led to a minimal form. 


In case the second step, made after a trial, fails to cover all remaining free vertices, we have to make a 
second trial (repeat a third step) followed by another repetition of the second step. Generally each failure leads to 
a repetition of the third methodic step; this is connected with the necessity of investigating possibilities correspon- 
ding to all ramifications considered at all trials. 


Example 6. Perform the third step using the results obtained in the preceding examples, The sufficient con- 
dition of Theorem 2 does not apply to any of the free vertices in Fig.13, As all vertices possess the same weight, 
we start with an arbitrary one, say E2. Using 2-cell E0123 as a first trial covering for vertex E2 leads to the so- 
lution indicated in Table 2. Using 2-cell EFGH2 as a second trial covering leads to the solution indicated in Table 
3. Both solutions are irredundant, and the solution in Fig. 13 is minimal (it has the smallest possible number of 
operations), We have derived one of the minimal forms of the Boolean function given on the map: 


go 2 ise) beBolsb of 4 5 6 
f = ZYzyx + ZYyx + Xzyx + ZYXy + YXz + Xzx + (first step) 
~ eae See | ae: 
+ ZYzy + YXzy + YXyz + ZYzy + Zzyx + (second step) 
12 13 14 15 _ 
+ ZYXz + ZXzx + Yayx + ZYyx (third step), 








We can find other minimal forms, According to Table 1 we can substitute ZYXy for term 7, Yzyx for term 9. By 
deleting term 8 we uncover the vertex AO only [vertex E0 remains covered by EFO1 (10)]. Using the cell ACO1 = 
= ZXzy as substitute for term 8 we cover the vertex AO, spending the same number of operations as before the sub- 
stitution. The form we get is minimal. 


Conclusion 
A method has been presented by which it is possible to find at least one minimal form of a given Boolean 


function. The method uses a map of the function, along with mechanical aids called contact grids and directional 


grids. The squares of the map carry information about the weights of the corresponding vertices of the body of the 
given Boolean function. 


At least one minimal form is then found in three steps: 
1) Terms which must be included in each minimal form are compiled into a partial form. 


2) To a partial form which possesses the property of being a part of a minimal form, terms are added in such 
a way that the said property remains unchanged. 


3) From all possible coverings of a given vertex one must belong to a minimal form. A trial is made for 
each covering under the supposition that 2) is applicable. By comparison of all trials the minimal form is selected. 


Other minimal forms are assembled as variations and transformations of the minimal form which has been 
found, It is interesting to remark that there are cases where some of the steps of the method do not appear. 


LITERATURE CITED 

1, _R. H, Urbano and R, K, Mueller, "A topological method for the determination of the minimal forms of a 
Boolean function,” IRE Trans. EC-5, 126-132 (1956), 

2. A. Svoboda, “Graphical-mechanical aids for the synthesis of relay circuits,” Nachrichtentechnische Fach- 
berichte, Beihefte der NTZ (Vieweg, Brunswick, 1956), Vol. 4, pp. 213-218. 

3. A. Svoboda, "Graficko mechanické pomucky, udfvané pri analyse kontaktovych obvodu [Graphical-mechanical 
aids used for the analysis of relay circuits},” Information Processing Machines 4, 9-22 (Academy of Sciences, 
Prague, 1956). 





All abbreviations of periodicals in the above bibliography are letter-by-letter transliter- 
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cover English translations appears at the back of this issue. 








ON THE THEORY OF SWITCHING NETWORK SYNTHESIS 


F. Svoboda (Prague) 


Translated from Avtomatika i Telemekhanika, Vol. 22, No. 8, 
pp. 1071-1079, August, 1961 
Original article submitted February 2, 1961 


An experimental method is proposed for the synthesis of optimal relay circuits which avoids diffi- 
culties connected with the nonexistence of a nontrivial algorithm for the design of such circuits. 
The method envisages the performance of a series of experiments, each of which leads to obtain- 
ing a certain solution (circuit). An experiment consists of a definite number of steps, correspond - 
ing to operations of the combinatorial synthesis method. 


An optimal alternative at each step is defined as the result of a series of experiments. 


1. Introduction 





The problem of the optimum. Present experience shows the impossibility of a definition of the optimum suit- 
able for use in all practical cases. Let us illustrate this statement by a simple example. 





Let it be required to construct a combinatorial contact network transforming the input variables i = { ij, ig, ig,ig} 


into the output variables I = {1,,1,} as given by the table of Fig. 1. The proposed circuit should have one of the 
following properties: 


a) have a minimum number of contacts; 

b) have a minimum number of contact springs; 

c) have a minimum number of intermediate nodes; 

d) have a minimum number of contacts and operate correctly in the presence of incorrect operation* of one 
(or several) contacts. 





: ’ The conditions of the table(Fig. ) are obligatory in the sense that any proposed 
circuit must satisfy these conditions. Conditions a)-d) are optional and may be satis- 
fied for various types of circuits in varying degrees. In the ideal case the form of 





iy 1; circuit obtained may satisfy several optional conditions simultaneously. These are 
. fa examples of differing definitions of the economy or optimalness of circuits. 

3 2 

ta 1; 











In the problem considered the carrier of input information can be two binary 
Pig. 1. receiving elements with x,;, x, and the carrier of output information-a single two- 
position active element X. In this case the table of Fig. 1 goes over into the table 
of Fig. 2, Optimal solutions for conditions a), b), c), are represented in Fig. 3. Evi- 
dently, none of these solutions may be considered optimal in the sense of property 
d). Consider, for example, the second solution of form b), and let us suppose that 
X%_ = 1. The circuit between the terminals Up, and X will be closed. If contact x; 
operates incorrectly, the circuit will be open. Thus, the set of optimal solutions 
corresponding to the differing definitions of optimum need not even intersect. 
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The choice of optimum condition depends to a substantial degree on the purpose 
for which the proposed circuit is intended. In principle, there does not exist any defi- 
nition of optimum which could be usefully employed for all cases met in practice. 


Fig. 2. Table of obligatory 
operating conditions of the 
circuit. 


It would be desirable to have an algorithm for the synthesis of switching networks giving at least one optimal 
solution for each optimum condition. For certain simplest conditions of optimum such algorithms are known. An 





* Incorrect operation of the contact x; consists in its being open when with correct operation it should be closed, and 
vice versa, 
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example is the algorithm for obtaining the minimal 
form of a Boolean function given in the disjunctive 


4 > fo 4, % > normal form [1]. 
Z, i Z, i, However, there are very many optimum conditions 
2 
ag gy? and the majority of them are quite complicated, not to 
mention the fact that more and more conditions are 


. z r F; arising in practice. The significance and desirability of 
.@ i B) ‘a ‘ailde Vy studying different optimum conditions in detail in the 
z L, i, a design of relay systems was pointed out by M. A. Gavrilov. 
In the majority of cases an algorithm for the synthe- 
sis of optimal relay circuits is unknown, and frequently 
Cale x L, Zz, P there is lack of time to find it. The examination of all 
a > a 7 +» possible solutions (solution by “exhaustion” ) is impractical; 
r i, 1- therefore, it is necessary to proceed to synthesize the 
c circuits by approximate methods. The significance of 


an experimental approach to the solution of problems in 
Fig. 3. discrete variables was pointed out by A. Svoboda. 


The almost universal process discussed in the sequal is applicable to quite varied optimum conditions. However, 
the realization of this process in practice requires the use of a highspeed computer. 


Control by optimum. Let us now described the character of the process and the performance of the experiment. 
Let a certain optimum condition be given. Starting with the most pessimistic position, let us assume that we have no 
experience in the design of optimal solutions corresponding to the given condition. Therefore in the course of the first 
experiment randomly chosen circuits are very uneconomical. Then the frequency of appearance of more economical 
circuits progressively increases. Each time that a certain “statistical number” of experiments has been carried out, 
one step* is taken in the direction of the final circuit. The initial data in the method are very simple: it is known that 
there exists a large number of different solutions, it being assumed that there is a means of obtaining these solutions 
and that it is possible to estimate the degree of optimalness for each of them, using a certain weighting function. 


Therefore, when it is necessary to realize a new optimum condition no information on the form of optimal @r almos® 
circuits is necessary. 





The circuit synthesized in Sect, 3 is very simple and it was therefore possible to carry out the process without 
a highspeed computer. Despite its simplicity and the possibility of obtaining optimal solutions by other methods, the 
example shows that the process can be used for more complicated cases where standard known methods are inapplicable. 


As already mentioned, the basic process is the random determination of circuits satisfying the obligatory condi- 
tions of the problem. The final circuit is established progressively, step by step, by the method described by the author 
in [2]. Before each step there is a sequence of experiments or tests of various alternatives. After a sufficient number 
of experiments has been carried out, the most advantageous alternative is used to realize the step. The step is carried 
out by adding to the circuit one or several contacts. Then the process is repeated until the full circuit is obtained. 


During a given jth experiment of each sequence of experiments a predefined number of steps is carried out. 
The choice of alternatives(among p alternatives in all) at or is carried out at random. At the first step of 
the experiment the alternatives are taken with probabilities Pj (R=1, 2,...,p), where for the first experiment of 
each sequence of experiments p= 1/ p. Beginning with the second step the probability of choosing any available 
altemative is the same and equal to 1/p. The circuit thus obtained after a perfectly defined number of steps, of 
cagirse, need not give the final solution of the problem, but permits determining the value of the so-called weighting 
function f (a) ys *. ; 

If it is found that f (a‘) > f;, {; = >) f (a) / j, for the following experiment is is necessary to increase 
the probability of choosing the alternative R employed in the first step of the preceding experiment and to decrease 
the probabilities of choosing the remaining alternatives 1, 2,....R-1,R+1,...,, im proportion to their values 





* Translator's note: The author uses the word “step” here to mean the introduction of a branch or a new node in 
an as yet incomplete network. See below, Section 2. 
** The method for determining .ne weighting function is described below. 
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in the preceding experiment. If / (a) < fj, the probability of choosing alternative R should be decreased, while 
the remaining alternatives increased (or remain unchanged). One of the possible methods for these changes was 
described in [3]. Carrying out these changes, we proceed to the following experiment of the same sequence and cor- 
rect the probabilities for random choice of alternatives of the first step, and so on. After carrying out a sufficient 
number of experiments the process is considered completed and a step is performed, employing the alternative which 
corresponds to the maximum or one of the maximum values of the probabilities py* (R=1,2,...,p). We then pro- 
ceed to the following sequence of experiments for the choice of optimum (or almost optimum) alternatives for the 
next step of the synthesis. This sequence is exactly similar to the previous. 


With regard to the example considered in Sect. 3, the first sequence of experiments led to the adoption on the 
first step of the alternative X, + x, (a®)) of the nine possibilities shown in Fig. 8. The possible alternatives for the 
second series of experiments are given in Fig. 10. The method for determining all possible alternatives for each step 
is described in Sect. 2. 


Sect. 3 describes in condensed form the construction of a circuit for which 400 experiments were required in the 
first series and 100 experiments in the second series, At first glance this is a large number, but if the initial assumptions 
ate taken into account,together with the fact that in the first sequence a choice was made among several tens of millions 
of possible circuits, the efficiency of the process may be considered fairly high. 


In contrast to the weighting function for constructing the Posthumus sequence [3], in the weighting function em- 
ployed here there is no simple method for finding in advance either the number of variables or the region in which 
these variables is defined. We shall clarify this by Fig. 8. In this figure all possible alternatives for the first two 
synthesis steps of the illustrative circuit are given. To each path, beginning at points and terminating at the point 


marked by double circles, there corresponds a definite form of circuit , and a definite integer value of the weighting 
function f (a) depends on the alternatives of all the steps, i.e.,a = { a, a,..., Ayes + ray k}. where a, is the set 


of alternatives of the first step. In Fig. 8,for the first two steps we obtain: 


ao = O{, X, %, % + 2,..., % + Zs, Z% + Zo), 
G1 = (2 52y, Ly +22, Tq, OD; Xy, X+2Xq, L2,; 


“3 ; a, + Zs, %o,2; @}. 


From what has already been said and from the fact that there exists a tremendous number of different circuits, 
it may be concluded that the number of variables cannot be determined in a simple manner; in exactly the same way 
it is practically impossible to determine the region of these variables, beginning already from as, ... The range of 
values of the weighting function f (a) is also unknown, it being known only that the function takes on an integer value 
(in our case the value of the function corresponds to the number of intermediate nodes). However, if we substitute 
the first (u -1) variables and proceed to the experimental sequence of the next step, it is always possible to define 
the region of variation of the variable ay. Furthermore, the value of the function f (a) can be found even when the 
values of the substituted variables do not correspond to the final circuit. Thus, in our case even for an unfinished 
circuit, it is possible to determine the number of intermediate nodes and, in this way, to find the value of the function. 


The possibility of an experiment to obtain the optimal solution of the problem evidently depends on the 
circumstance that if the weighting function for a given substitution of the variable (or one of the alternatives) takes 
on an extremal value, it will take on for this same substitution a sufficient number of other values not differing sub- 
stantially from the extremum. 


2. Determining the Alternatives 





We shall use the combinatorial method [2] for circuit design. We described here a somewhat altered and im- 
proved form of the method. A synthesis step corresponds either to the operation w, (inductive step) or the operation 
We (deductive step). The designations of the steps are introduced in accordance with the concepts of the theory of 
cognition. By the inductive method we understand the introduction into consideration of new, as yet unknown elements; 
by the deductive method the search for new relationships or dependencies among already known facts or mathe- 
matical objects. The deductive stage of the method is exhausted by the use of the operation w,. If after this it is 
necessary to continue the solution (if the synthesis of the circuit is not terminated) it is necessary to pass to the 
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inductive stage, i.e., the introduction of new nodes by the operations w,, and then again to pass to deductive steps. 


These steps are described individually below and certain terminology is introduced to give a general concept of 
the individual alternatives at each step. 


Deductive step. Let there exist an unfinished circuit, being designed by the combinatorial method. We denote 
the matrix for the local requirements for construction of the circu:t 





v= IW gh I, 
where ¥ 5p is the undefined switching function for the two nodes Ug and Up, which takes on for each combination of 
values of the input variables x; (i= 1, 2,.. .,m) one of the three values 0, 1,or ~; here 0 indicates the impossibility 


of connecting the terminals U and Un, 1 the desirability of connecting the terminals,and ~, that it is indifferent whether 
the terminals are connected or not. 


We now establish for each of the indeterminate switching functions yg} the maximum function of the D-branch 
f gh (x), where x = { X, X, . . ..X,}, which has the following property: 


if gn = 0, then/gn (x) 1. (2.1) 


The function f gh (x) is greatest in the sense that each function having the property (2.1) is already included 
in it. 


Let us put In (z) = xf + Ce ee 


where vy, V2, . h €N,N=1,2,..,m; X= x or X =x. 


ov 
an wll 
The switching elements in all £-branches obtained in this matter will be denoted for conciseness by p;, pz. 
-» Pj» - » +sPy, Where pj are variables denoting @ in the case where the element is not used in the deductive step 


and Be in the case where the element is used. With v variables there are 2” possibilities for selecting their values 
and the same number of possible alternatives. We thus find the basicsystemof altematives for the deductive stage. 


We now classify the alternatives among permissible and impermissible. An impermissible alternative, in con- 
trast to a permissible one, cannot be realized, since it gives rise to a sneak path (violation of the obligatory condi- 
tions of the proposed circuit). 


Let us summarize the above. A deductive step is carried out,on the basis of the matrix 1! ¥gh !!. of local require- 
ments for the proposed circuit. For each element of the matrix ¥,), we find the corresponding maximum L-branch. 
The set of all possible £-branches of length v defines the maximum possible alternative. The 2” subsets of this al- 
ternative define all possible alternatives. 


As an example let us consider experiment 377 of the first sequence of experiments. Fig. 4 shows the partial 
circuit, its matrix of locally possible £-branches,and the table of basic systems of alternatives. In the matrix the 
elements x; and X; are chosen randomly from the set of all possible £-branches, since for them the undefined function 
Yoh permits all £-branches. 


Inductive step. We again assume an unfinished circuit, and that continuation of the solution by a deductive step 
is undesirable or impossible. 





We denote the matrix of local requirements for constructing the circuit at the inductive step by ® = Ii gk Il 
where gy is the undefined switching function of the node Uy, which for each combination of values of the input 
variables x; (i =1,2,..., n) takes one of the following values: 0, lor ~. These values have the following signifi- 
cance; 0 — desirable to obtain fy, (x) = 0; 1— desirable to obtain f k (x) = 1; ~ indicates that it is indifferent which 
value the function f , (x) takes. 


In the table of Fig. 5 the variable p; takes on the value @ or Xj or X;.For each of the functions ¢,, it is possible 
to use one of the 3" alternatives. In all there are 3" alternatives for the K nodes of the circuit. They are all per- 
missible. As a rule, in the inductive stepthere is a much larger number of alternatives than in the deductive step, 
since they are not restricted by the obligatory conditions of the proposed circuit. 
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Fig. 4. Example of basic system of 
alternatives for deductive step: a) 
matrix of locally possible £-branches; 


b) table of basic systems of alternatives. 






































Ps Pj Pn—i Pn 
@ D D 7) 
7) 2} D zy 
D @ @|z, 
4) D  4| @ 
D 7) ™r—1| 7n 
a) a) 1) 7m 
i) D Zn a 
D a) Zn-1| a 
ope Sag boo eugi fog 





























Fig. 5. Table of system of alternatives for 
operation w,. 


3. Experiment 





It is necessary to construct a combinatorial contact network 
which satisfies the obligatory conditions given by the table of Fig. 
6 and has a minimum number of nodes. 


A series of experiments will be performed for the design of 
the network. It is first necessary to decide with which step— deductive 
or inductive~ the synthesis begins. There is as yet no definite cri- 
terion for the choice of type of step. It should be kept in mind that 
an inductive step is always possible, while a deductive step, only 
in certain cases. In the general case, when either a deductive or 
an inductive step is possible, the choice of type of step (similarly, 
the choice of alternatives in these steps) is preferably carried out 
on the basis of the experimental sequence. In our case the first 
step can only be an inductive step. 


In the initial circuit (Fig. 7a) there is only a single node, 
permitting expansion of the function X. In Fig. 8 nine possible 
alternatives for this step are shown. For the choice of the best, 
(or nearly best) alternative, a sequence of 400 experiments was 
carried out. To each of these nine alternatives there corresponds 
a controlling random function [3]. The functions are represented 
in Fig. 9. The greater the value taken on by the controlling ran- 
dom function the more sorpmagpars is the corresponding alterna - 
tive. Finally, alternative a ~’was selected at random from the 
alternatives a®)and a(). The void alternative cannot be used, 
since this implies repetition of the sequence of experiments. 





1, Analyzing the problem,we come to the conclusion 
that all the alternatives can be divided into four classes of 
equivalent alternatives: a®), a sat), «@), a), a®), a (4), 
x, Xs x a), a®). We take equivalence in the sense that using al- 
ternatives of a given class leads to circuits for which the values 
of the weighting functions are almost identical. Four hundred 
experiments were required for the experimental establishment 
of this fact. It should be kept in mind that 100 experiments 
are fully satisfactory for a qualitative choice of alternatives. 
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Fig. 6. 2. The logical feedback is based on the following prin- 
ciple: Lf it is found that any given alternative leads systemati- 
cally to a better result, the probability (and thus its frequency) 

2 © o of its choice is increased. As a result of this the corresponding 

control random function takes on a stable value sooner than the 

0) 1 other functions, The remaining functions are delayed in the 

b g ae ‘ 2-0 tlret,| 1 sense that the stabilization of their values occurs later. This 

process has the following essential property. Let us assume that 

M7 \|7\! a disadvantageous alternative was found satisfactorly in several 

experiments. Although the probability of choice of this al- 

: ‘ ternative increases during these experiments, at first disadvan- 

1 


“ tageous result it drops sharply. The process proceeds similarly 
c¢ OI, 17 9 
z, +2, for the advantageous alternatives. 


























Fig. 7. Stages of solving the problem: a) initial Deductive step. The matrix of local requirements is 


state; b) after first inductive step; c) after first given in Fig. 7b. There are four alternatives available (Fig.10). 
deductive step. 
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Fig. 8. Alternatives of the first two steps of solving the problem. 
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es F For choice of the best alternative a sequence of 

, \ 4 100 experiments was carried out; the values of the corres- 
hy Pg ponding control random functions are given in Fig. 11. The 
VY experiment led to the final choice of alternative 8®), The 

\, fo) result obtained, shown in Fig. 7c, actually corresponds to 

‘ i’ ~ the optimal solution. 
h {J Le 

ee ae ee x, i, a — In this sequence of experiments there are three classes 

a po) | \ of equivalent alternatives: p @), (8), B®), a). For the 
” 2% experimental verification of the equivalence of alternatives 
tit, \ 8@), 8 ®) 100 experiments were required. From Fig. 11 it 
| is evident that for a correct choice 30-40 experiments would 


have been enough. 


Fig. 10. Alternatives of the second (deductive) step. 
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Fig. 11. Control random functionsof the fist deductive step. 


LITERATURE CITED 


1, Quine, W. V., The Problem of Simplifying Truth Functions, The Amer. Math, Monthly, vol. 59, No. 8 (1952). 

2. Svoboda, F., "Circuit synthesis using machines? Avtomatika i telemekhanika, XVIII, 3 (1957), 

3, Svoboda, F., "On the determination of extrema of discrete functions by the compromise method." Stroje na 
zpracovani informaci, V (1957). 

4, Bibliography of domestic and foreign literature for 1950-1954, Avtomatika i telemekhanika, XVI, 4, 409-420 
(1955). 








le 





ON DIGITAL REPRODUCTION OF SIGNALS IN ANALOG 
TELEMETERING SYSTEMS 


Ya. A. Kupershmidt (Moscow) 


Translated from Avtomatika i Telemekhanika, Vol. 22, No. 8, 
pp. 1080-1087, August, 1961 


The paper indicates the advantages and the realization methods for the digital reproduction of signals 
in analog telemetering systems. Formulas are derived which make it possible to choose the basic par- 
ameters for the pulse-counter digital converters for the signals in pulse-time, frequency, and pulse- 
frequency telemetering systems. The author proposes a method for estimating the applicability limits 
of the digital reproduction of signals in existing frequency systems; the method is based on taking the 
averaging effect into account. 


The modern state of the engineering techniques of digital conversion and digital reproduction offers broad possi- 
bilities for refining not only transmission methods but also methods for reception, reproduction, and processing of in- 
formation in dispatcher monitoring systems. 


An essential role in these systems must be assigned to units which perform the digital reproduction of signals 
from analog telemetering systems, In this paper we are evidently making the first attempt at a) establishing certain 
quantitative relationships for choosing the basic parameters in digital converters for the signals of pulse-time, frequency, 
and pulse-frequency systems, and b) establishing the applicability boundaries for existing frequency systems with digital 
reproduction. Our analysis is performed first for a group of pulse-time systems without distinguishing between pulse - 
time modulation and pulse-width modulation; then we analyze a group of frequency systems without distinguishing 
between pulse-time modulation and pulse-width modulation; then we analyze a group of frequency systems without 
distinguishing between frequency modulation and pulse-frequency modulation. Here the errors of the analog systems 
proper are ignored in order to isolate the problems which apply directly to the special features of digital converters. 


A pulse-time system, The quantization of the time interval is performed by computing the number of pulses with 
a fixed frequency that occur during the time interval. Depending on the structure of the scaling circuit, the latter fixes 
this number in a certain code: binary, binary-decimal. Of great significance is the choice of the frequency f < of the 
counting pulses which is determined by the specified quantization error and by whether or not the first pulse arriving at 
the scaling circuit is synchronized with the beginning of the quantized signal. In the simplest case the counting pulse 
generator operates continuously and independently of the arrival of time signals, The application of the pulses to the 
scaling circuit is controlled by a rectifier which conducts for the period that the signal is present. Under these condi- 
tions it is evident from Fig. 1 that the first counting pulse may arrive at the input of the scaling circuit with a lag 
ranging from 0 to T, relative to the instant at which the rectifier begins to conduct; from the instant at which the last 
pulse is read to the instant at which the rectifier is cutoff may also involvea time lag ranging from 0 to T,. Here T, 
is the counting pulse period and is equal to 1/f,,. In Fig. 1a the intervals t and t differ by approximately 2T,, , and 
they correspond to the same quantization results, Thus, the absolute quantization error which is equal to (NT, ~ t) 
can have values ranging from 0 to (— 2T,), It is possible to make the error range symmetrical with respect to zero 
if a certain delay block is used to maintain the rectifier in the conducting state during the time T,, after the signal 
has been completed. This function can be performed by a one-shot multivibrator with a delay time T,, which is 
triggered by the trailing edge of the coded pulse. Then the absolute quantization error acquires values from — T, 
to+T c 
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Fig. 1, 





If the counting pulse generator must be triggered by the leading edge of the signal, then it is evident from Fig, 1b that: 
the error acquires values from 0 to — Tc; when a delay block is used which produces a delay equal to T,/2, the error 
acquires values from — T¢/2 to + T,/2. Usually in pulse-time telemetering systems the zero parameter value is trans- 
mitted by a pulse with a certain duration t), so that a variation of the parameter A from 0 to the nominal Ap Corres- 
ponds to the variation of the pulse duration from t, to tp. Between A and t there is the following relationship: 


tn— to 


t=t),+ A. 





Therefore, in coding it is necessary to subtract a certain number N corresponding to the total value of t from the 
number No;the value Np corresponds to the value t). This subtraction is achieved quite simply by setting the code for 
the number (N jim ~ No + 1) in the scaling circuit; here Njj;, is the limiting number which can be fixed by the 
counter, This method of presetting the initial state of the counter is also useful for achieving a symmetrical quantiza- 
tion error in the case where the peak-to-peak fluctuations of this error are equal to an even number of intervals Tg, 
If the error varies over the range 0 to 2T,, then in order to make it symmetrical it is sufficient to introduce an addi- 
tional “one® into the counter before starting the count after setting the number (Njjrm — No+ 2). 


The number Np proper can represent the initial interval with an error ranging from — T,/2 to +T¢/2 (i.e., the 
difference NgT¢ ~ t may fluctuate within these limits). As a result of subtracting Ny from the number N the errors 
can be added with identical signs. The error involved in quantizing the interval t can be eliminated by designing a 
telemetering system with the value of t, selected so that an integral number of counting frequency f ,, periods can be 
fitted into it. It is possible to achieve a less rational solution; namely,to add a delay block (a time relay) at the re- 


ceiving end which begins counting after a time t) has elapsed, measured from the leading edge of the time pulse arriving 
from the communication channel. 


The normalized coding error 4 is equal to 


(N — N.)T,—(t —to) 
iD tn— to . 


) 





If we originate from the specified normalized quantization error + 6 , then we can find the minimum allowable 
counting pulse frequency f, for different variants of the counting circuit described above. Thus, for the case where 
the counting pulse generator is not synchronized with the signal and the initial interval t) is quantized with an error 
+T,,/2, the total quantization error reaches + 3T-/2 (if there is a delay block that produces a symmetrical error for 
quantization of the interval t, or if the process of achieving symmetry is performed by introducing an additional unit 
when the initial setting of the counter is made). 


Thus 


 #8P, 
$9 =F j 


Taking into the account the fact that T, = 1/f ., we find 


= 3 
fei= 25(t,—%) - 


Note that for such a counting method the lowest order place in the code becomes unreliable, since the error 
exceeds the value of that place. In analogous fashion we compute the required counting frequency for the case where 
there is no error involved in quantizing t, the counting pulse generator is synchronized with the signal, and the delay 
block produces a quantization error which is symmetrical and confined within the limits +T,/2. Under these condi- 
tions 


1 
fe = Bip—t) - 


The choice of the coding error cannot be considered arbitrary. First of all, there is no need to strive to make 
that quantity appreciable less than the error produced by the analog section of the telemetering system. 
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But this concept is not the only one. The choice of the amplitude subdivision steps is closely associated with 
the choice of the time subdivision steps. For analog reproduction the time subdivision steps are determined by the 


upper boundary of the frequency spectrum for the information function and can be computed from the well known 
Kotel'nikov theorem. The use of a low-pass filter at the system output makes it possible to reproduce the form of the 
information function in the intervals between separate measurements. 


For the case of digital reproduction there is no such filter. In the intervals between measurements a constant 
digital reading is maintained. The use of such readings is possible only for the condition that for the fastest variation 
of the function two adjacent readings will differ only by an amount equal to one unit in the lowest order place (i.e., 
by one subdivision step). An exception can be made for cases of emergency step variation of the measured parameter. 
Such a requirement makes the choice of the amplitude subdivision step depend on the time subdivision step. If digital 
reproduction is adapted to an existing analog telemetering system for which the difference (t, — t)) and the time in- 
terval between individual measurements of the ordinates T for the specified function are known, then the value of 
§ should be chosen so that for the maximum rate of change of the parameter A in a normal working mode 


dA 
=< dt | max 


the value of A has time to vary by no more than A,6, where A, is the scale nominal. Note that the quantity T is 
proportional to the number of telemetering channels that are serviced by one digital converter at the dispatcher point. 
The modulus of the increment of the function during the period T is equal to aT. In accordance with the conditions 
cited above 

aT < And. 


From this we have 
aT 
t‘>7z-- 


If the value of 6 computed in this fashion is too large, then digital reproduction should be rejected. 


Frequency and pulse-frequency systems. Digital conversion of the signals in these systems is also performed using 

a pulse counter circuit. The difference between such a circuit and time signal converters consists of the fact that the 
stable counting pulse generator is replaced by a pulse shaper that is controlled by a signal arriving from the channel; 
the instant,at which the rectifier at the input of the scaling circuit becomes conducting, controls the stable time inter- 
val generator (a stable time relay). Under these conditions the number of counted pulses is proportional to the signal 
frequency. However, there is a more substantial difference between digital frequency conversion and digital time 
conversion. It consists of the presence of averaging which also occurs for analog reception of a frequency signal. The 
averaging effect imposes additional conditions on the selection of the parameters for a digital conversion system. 





The time during which each averaging is performed must be chosen on the basis of the dynamics governing the 
monitored parameter and on the basis of the specified error involved in reproducing that parameter, Here it is necessary 
to take into account two types of errors: the dynamic error associated with averaging, and the error involved in the 
quantized nature of the readings. Of special importance is the problem associated with the rates of parameter variation 
for which digital reception of the signal is usable in some existing frequency telemetering system which was initially 
designed for analog reproduction of that parameter, 


If the frequency f is a linear function of the measured parameter A (t) 


i(t)=fo+ ae A(t), 





where f 9 is the value of frequency corresponding to the zero parameter value, then the time variation of the frequency 
obeys the same law as that governing A (t). Therefore,the number of pulses counted during the counting interval T, 
can be determined from the formula 
t+Ts 4L+T 
1 | 
\ {dt -+—<N< \ {(t)dt+ =. 


t; t, 
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Here t, is the time from which the next reading begins. The number N is the only integer which is within the 
indicated interval. 


The average frequency in the interval (t,,t, +T,)is assumed equal to 


N 
lay= r.° 


This quantity is normalized in relative or absolute units of the parameter A and is stored by the digital indicator 
from the instant t, + T, until a new value fou is obtained as a result of a new scaling operation. The metering error 
should be assumed to be the maximum deviation of the frequency f from f ay over the interval extending from time 
ty to the instant at which a new valuef',y is obtained. For the case of a multichannel digital converter with time 
division that services several frequency telemetering systems, the counting intervals are not adjacent but are spread 
apart by the amount T’ = (n — 1) T,, where n is the number of channels. For n = 1 we have T’ = 0, 


Therefore, the metering error is assumed to be equal to the maximum deviation of the value fay,found at the 
instant t, + T,, from the value of f in the interval from | + T, tot, +T, + T'+T,=t +2T,+T'. We shall 
assume that the maximum rate of change of the measured parameter A is known; i.e., we know the value of 


A 
om |B snes 


We shall assume that we are dealing with the worst case,in which the parameter A increases at the maximum 
rate duringthe period extending from the instant t, to the instant t; + 2T, + T': dA/dt = a in the interval [y, 
+ 2T, +T'). We shall estimate the digital reproduction error which is obtained under these conditions. In the in- 
terval under study 


A (t) = A (t;) + @ (¢ — 4). 


For the sake of brevity we shall use the expression 


fy, — fo 


40 =k. 


n 
Then 
f (®) = fo + kA (t) = fo + kA (ts) + ka (t — th). 


The number of pulses computed in the interval [t,, t; + T,] is defined according to the formula 


ti+T, 
N= \ [fo + kA (th) + ka (t — th)] dt — AN. 


Here AN is the quantization error which is determined by the fact that we cannot fit an integralnumber of 
signal periods into the interval T,. We shall discuss the quantity AN later. Performing the integration and dividing 
N by T,, we obtain the value of f gy which sets the digital receiver: 


kaT, 
fav= fo t+ kA (t,) + ~ go 





For a linear rise of the signal with the slope the frequency reaches the following value at the instant at which 
a new digital value is obtained (i.e., at the instant t, + 2T, + T’): 


f(t, + 27, + 7’) = fo + KA (ty) + ka (27, + T’. 
Therefore,the maximum absolute error of digital reproduction for a rising signal will be equal to 


Af. = fay — f (ta + 27. + T’) = —Skal, — kaT’ — _ 
c 





tor 





In the case where the measured parameter decreased at the same maximum rate a we would have the repro- 


uction error 
Af? = + kat, + kat’ — 4. 
max - T. 


Therefore, 


3 , AN 
Mf max= +(zhaTot+ ka? ae 
The normalized relative error is computed from the formula 


Afmax Af max a (3 , AN 
fam he nb « + re To+T) Gate) T° 





bf = 


Taking into account the fact that T' = (n—- 1) T,, we obtain 


4 eT. (5 +") AN 
[= +A TT,” 





The first term in this expression denotes a dynamic error that is associated with the delay which exists between 
the results of the average measurements and the time variations of the parameter. The second term denotes the error 
in the discrete nature of the measurements of the average frequency over the interval T,. For the case where the 
beginning of the reading is synchronized with the leading edge of one of the signal pulses and the error is then made 
symmetrical for digital reproduction, we can introduce AN within the limits + $4, as was indicated above. For the 
case of non-synchronous counting the value of N may be too small by an amount ranging from 0 to 2. Subsequent 
symmetrization of the error for digital reproduction can be used to introduce AN within the limits ¢ 1. We subtract 
the number Ny from the number N, where Np corresponds to the initial frequency f 9 with an accuracy of up to ¢ }. 
Therefore,the total quantization error reaches the value 


AN=+-. 


When the above is taken into account the expression for estimating the normalized digital reproduction error 
for a frequency signal becomes 


i 
of ial SA ae 
aes Ay 2 Un—-IdT. © 





The expression determined above makes it possible to compute the required counting interval duration and the 
allowed rate of change of the parameter from the specified values of the quantization errors and the dynamic error. 
It is assumed that the parameters of the frequency telemetering system are known (i.e., we know f, and f 9). In 
specifying the magnitude of the digital reproduction error we should be guided by the accuracy with which the frequency 
signal isolated by the analog receiver represents the telemetered parameter. There is no sense in requiring the accuracy 
of digital reproduction to be higher than the accuracy of the analog section of the system. We shall specify identical 
values of the quantization error and the dynamic error. We shall denote this error by the letter 5. Then we obtain 
two computing equations: 





1 
gs 3 (2 aT, (+ -f- n) 
~ 2g —h)T,’ iz Ap ; 


From the first equation we compute the magnitude of the counting interval T,: 


3 
To=77,—T08 . 


Substituting this expression into the second equation and solving the latter with respect to a, we obtain 


264 ofa — fo) 








The latter equation makes it possible to establish the limiting allowable rate of change of the parameter in 
the case of centralized digital reception of the signals from n frequency telemetering systems with known values of 
the minimum and maximum frequencies, Note that there is a quadratic relationship between the allowable rate of 
change a of the parameter and the magnitude of the error 5. This means that the reduction of the error by a factor 
of 2 is achieved at the expense of reducing the maximum rate of change of the reproduced parameter by a factor 
of m’. 


It is natural that the problem arises as to what relationship there is between the allowable rates of variation for 
the parameter in the two cases where one and the same frequency (or pulse-frequency) telemetering system is used with 
1) analog reproduction, and 2) digital reproduction. It is assumed that the comparison is performed under identical 
conditions with respect to number of channels (i.e., for single-channel digital reproduction for which n = 1). In order 
to perform this estimate we find the expression for determining the allowable rate of rise of the parameter for analog 
reproduction of the frequency signal . As we noted above, both analog reproduction and digital reproduction are as- 
sociated with mandatory time averaging. This is determined by the necessity of eliminating vibrations of the pointer 
on the instrument that measures the average current produced by the pulses that carry charge dosages. 


Based on the above, we can represent an analog frequency receiver in the form of a generalized circuit con- 
taining an inertialess section which performs linear conversion of the frequency f into the voltage U (the average 
voltage of a pulse train), and an inertial section with a time constant r (cf. Fig. 2a). We shall assume that the 
output meter M is inertialess and linearly reproduces the voltage obtained by subtracting the reference voltage Up that 
compensates the initial frequency component from the integrator voltage U,,,,. Assume that the average voltage U 
of the pulses is related to the frequency f by the coefficient c: 
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Then the relationship between U and the output parameter is expressed by the formula 


U = cfy+ ckA (t) =U,+ ckA(t). 
The choice of the time constant r is governed by the necessity of obtaining sufficiently small pulsations of 
the output voltage Upy;z. It can be demonstrated that the amplitude of the pulsations is approximately equal to 


1 
Opus. = +3 >: 


We shall normalize the pulsations to the working range of the meter scale by referring the voltage Upuls. 
to the quantity c (f ,» ~ f 9). Then we shall obtain the normalized meter error caused by the pulsations 


i 
puis. — t2G— Te 


This expression is analogous to the expression for determining the quantization error in digital reception. 
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The inertial section reduces the pulsation that causes the appearance of the dynamic error associated with 
the lag that exists between the voltage Uout and the variations in the voltage U. For a linear rise of A (t) with a 
slope a (Fig. 2b) the steady-state value of the difference between Uppy (t) and U (t) reaches the value 


AV gyn = — ckat. 


This is illustrated in Fig. 2c. We shall find the normalized value of the dynamic error while simultaneously 
taking into account the change in its sign when U decreases with the slope a: 


S we + at 
dyn. tA, ° 
y A, 
As we might expect, there is an analogy between the expressions for determining the dynamic errors for digital 
and analog reproduction. Assuming that 


15 = 6, 


puls:! do | Sayn! 
we find that 


‘ 
*",—-26 °° Sve 


Now it is possible to compare the two methods for receiving signals in a frequency or pulse-frequency telemeter- 
ing system. We shall perform this for the "ChI” system of the Central Scientific Research Institute of Automation which 
has f 9 = 4 pulses/sec, f , = 20 pulses/sec. We assumed = 0.01. In order to be specific we assume that we measure 
pressure with an upper limit of Ap=10kg€m*.Then for the case of digital reception with one channel (n = 1) we obtain 
Tc=9.4sec., a= 0.007 kg/cm’. sec, For the case of analog reception we have r = 3 sec., a=0,032kg/cm*-sec, 


Thus ,the choice of parameters for digital converters that are used for signals in analog telemetering systems 
must be made while taking into account the quantization errors and the dynamic error in accordance with the relation- 
ships derived in this paper. A comparison of the two methods for reproducing signals in a frequency system (the digital 
and analog methods) can be performed using the method presented here. 
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THE INVESTIGATION OF BRANCHED POWER NETS AS 
COMMUNICATION AND REMOTE CONTROL CHANNELS 


A. A. Il'in (Kiev) 


Translated from Avtomatika i Telemekhanika, Vol. 22, No. 8, 
pp. 1088-1094, August, 1961 


The author cites the results of investigating the electrical parameters of certain types of overhead 
and cable power distribution nets in the range 10 to 150 kc. An analysis is given of the propagation 
of electromagnetic energy over such lines, and methods are cited for computing them. Along with 
analytical computation methods the author presents recommendations on simulating high-frequency 
remote control communication channels. Certain information is given on the electrical noise in dis- 
tribution power nets, and brief requirements are cited for the design of the remote control equipment. 


The necessity of a broader introduction of existing means of remote control and the design of new units urgently 
poses the problem of communication channels. 


In certain cases the use of existing branched power nets for large industrial enterprises as communication channels 
is adequate (electrical railway lines and subway lines, oil industry power lines, mine power systems, etc.). They are 
especially expedient to use underground where the application of radio communication is difficult. 


1. The characteristics for Various Types of Power Nets 





The investigation of certain types of branched power nets with voltage ratings of from 120 v to 6kv (both de and 
ac) have demonstrated that these lines have a number of special features which distinguish them from conventional 
communication lines. Such features must include the specific nature of the kilometer parameters of the line which 
ate caused by its construction, the presence of a large number of inhomogeneities along the lines which are caused 
by various power loads, transformers, etc., the presence of a characteristic mode of operation for an open line (the no- 
load mode), and the great variety of branched power net circuits with many branch lines whose length may be com- 
mensurate with the wavelength or a portion of a wavelength (Fig. 1). 


In order to analyze the electromagnetic processes in branched power lines it is necessary to establish the value of 
the electrical parameters of uniform lines of varying design which make up these nets. 


The table cites values of the wave impedance and the kilometer attenuation for certain types of power circuits 
in the frequency range 10 to 150 kc. 


A mine contact net was analyzed in the greatest detail, both experimentally and theoretically. 


It is evident from the table that the kilometer attenuation for the majority of lines is small. Therefore, when there 
are no additional losses along the line a transmission range of several tens of kilometers is guaranteed. The losses are 
appreciable only in flexible rubber cables of the "CRShS" type. 


In branched power nets the overall working attenuation is determined not only by the kilometer attenuation but 
also by the attenuation bj introduced to the line by various inhomogeneities. The attenuation bj in certain cases may 
reach an appreciable value. A low-ohm load introduces especially large attenuation into the line. 


The magnitude of the introduced attenuation is determined as a function of the ratio between the input load 
impedance and the wave impedance of the line (Z)/Zwy). 


It is evident from Fig. 2 that the value of b; decreases as the ratio Z)/Zy increases. In practice bj must be 
lowered to a value of the order of 0.1 to 0.2 nepers; this is assured (based on the example of high frequency power 
line channels) by introducing high-frequency suppressors which raise Z; to the appropirate value. 


972 





itly 


nnels 


ind 


> of 












































ype of branched Wave impedance, | Kilometer attenuation, | Circuit for 
power net ohms nepers/km the line Remarks 
A contact net for a mine 200 to 260 0.1 to 0.4 Single-wire | Connected equipment: 
trolley rails 
100 to 130 0.2 to 0.5 Two-wire 
A contact net for a rail- 300 to 400 0.05 to 0.2 Single-wire | The same 
road or atrolley line 150 to 200 0.1 to 0.3 Two-wire 
A flexible cable of the 70 to 80 0.2 to 2.0 Single - phase 
type used in lines (type ground, three - * 
“CRShS") 50 to 60 0.3 to 2.5 phase ground 
An armored cable of the 
type "SB" (copper strands) 30 0.1 to 0.2 Single - phase 
armored type, 
20 0.1 to 0.2 three-phase - 
armored type 
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Fig. 1. Over-all diagram of the branched power net. DP, AP represent the dispatcher and 
actuating points; SU are the switching units; CL are the connecting lines; HS are the high- 
frequency suppressors; HJ are high-frequency jumpers; E are the electric motors; Tr are the 
transformers. 


2, The Propagation of Electromagnetic Waves over a Branched Power Net 





In investigating the nature of the propagation of electromagnetic energy over a branched power net it was 
established that the variation in line voltage is wavy in nature (Fig. 3). The basic cause for this is the formation of 
standing waves as a result of no-load operation of the line. 


The intensity with which standing waves are formed in the branched power net are characterized by the standing 
wave coefficient ksy whose magnitude depends on the value of the electrical parameters of the line. 


The appearance of standing waves leads to instability in the operation of high-frequency channels, to an increase 
in the attenuation in the line, and to a fluctuation of its input impedance over wide limits. In order to eliminate stand- 
ing waves, the ends of the line and the ends of long branches (ipr > 1/8 )must be loaded by impedances (shunt)Zsh 
= Z,,. It is most expedient to make the shunt in the form of a series RC circuit where C,), is a blocking capacitor and 
Rsh assures the required loading of the line (Rsh © |Zw| ). The insertion of Zsh at the line end adjusts it to an optimum 
traveling-wave mode; under these conditions the working attenuation is reduced and the input impedance is equalized. 


3. Computing the Attenuation 





The great variety of circuits and designs for branched power lines and the special features of these circuits con- 
siderably complicate the analysis and computation of high-frequency remote control channels. 
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Fig. 2. Graph for the variation of the attenuation 
introduced for a purely resistive or purely reactive 
line inhomogeneity. 











Ls 
Fig. 3. Graph for the voltage distribution 
over the line. 1) For an open end (no-load); 
II) for a matched load or very large losses 
in the line; Ill) for a short-circuited end 
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Fig. 4. Circuit showing the connection of 
a line inhomogeneity. 


The use of existing computation methods in the theory 
of wire communication for these purposes is extremely difficult 
in view of the cumbersome and complex nature of the compi- 
tations. 


Therefore in determining methods for computing branched 
power lines it is natural to resort to approximate but simpler 
methods. In a number of cases it is quite adequate to compute 
merely the order of magnitude of the line attenuation or of 
the line input impedance. 


In order to compute different types of lines we used two 
analytical methods of computation: the method of estimating 
the attenuation elements, and the method of admittance moments, 


The use of one or the other method for performing the com- 
putation is determined as a function of the complexity of the line 
circuit and its length. 


4. Methods for Estimating the Attenuation 





Elements of the Line 





This method is based on the principle of an individual 
estimate of the attenuation introduced by each element of the 
line, followed by adding these estimates in order to obtain an 
estimate of the over-all working attenuation. 


By studying a branched power net consisting of a complex 
connection of four-terminal networks in the basic (computed) 
direction, it is possible to represent the circuit as a two-wire line 
with an additional leakage path. Under these conditions any 
connected device: an electric motor, a branch, a transformer, 
etc.,(Figs. 4a, 4b, 4c) is represented in the form of an incom- 
plete fourpole of the transverse type (Fig. 4d). The working 
attenuation b; introduced by any such incomplete fourpole 
consists of the input attenuation of the fourpole and the trans- 
mission attenuation. Its magnitude is determined by the in- 
homogeneity input impedances Z; and the line impedance in 
either direction Z,,, or Z;». In order to simplify the computation 
formulas it is assumed that the outputs of the transmitters in the 
equipment are matched to the line; i.e., Zj;#Z,. Therefore, 


Wwt ZL: 4 
V 42 La 
Substituting the values of the impedances Zy and Z;, 


itris possible to obtain the attenuation b; introduced by any 
line connection. 


V 22.2 


22; | ° (1) 





b;=In 





In summary, the over-all working attenuation of a high- 
frequency channel for a branched power circuit is determined 
from the sum of all the attenuation components: 


q=1 


Bin and Bc; are the kilometer attenuation of the power circuit and the connecting line; L, Jc) are the lengths of the 
computed section of the circuit and the connecting line; m is the number of inhomogeneities in the line; b; is the 
working attenuation introduced into the line by its various inhomogeneities; b,qq is the additional attenuation. 
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Such a method for computing b is similar to the method for computing high-frequency channels which are 
based on electric power transmission lines and is simple and convenient for practical computations. The accuracy 
of the results depends on the circuit and the dimensions of the line. Good agreement between the computed and 
measured data is obtained for large lengths and a low degree of branching for the line. 


In computing branched and short power nets this method does not give the required accuracy and becomes more 
cumbersome and difficult since in this case there is a strong effect produced by one line on the other because of the 
large number of inhomogeneities and the small distance between them; under these conditions the input impedance 
Z,2 at any point is different and varies over wide limits. Therefore, in such lines the leakage introduced by various 
inhomogeneities must be treated while taking into account the nature of the leakage distribution along the line, 


5. The Method of Line Admittance Moments 








Approximate computation methods which have been widely used for computing city and rural wire radiobroad- 
cast lines are of great interest. A considerable simplification of the computations can be achieved in the case under 
study by replacing the hyperbolic functions by the first one or two terms in their series; this is permissible for short 
transmission line sections. 


Representing the circuit under study in the form of a ladder 


“a connection of fourpoles (Fig. 5), the ratio between the voltages at the 

a ‘3 7 ty beginning and end of such a line can be expressed in the form of a 
rapidly converging series with a number of terms m + 1 whenwe take 

the assumptions made above into account. The attenuation can be 


computed with a sufficient accuracy if only the first two terms of the 
series are taken into account; i.e., 














Fig. 5. Equivalent circuit for a branched 
power net. 


m 

b= In| 14+2Z, >) Yqla|, @ 
a=0 

where Z; is the total kilometer impedance of the line, / q is the distance from the computation point in the branched 


power net to the corresponding load on the line, Yq is the leakage through the q-th load on the line, m is the number of 
loads on the line. 


This formula has been called the admittance moment formula for computing transmission lines for wire radio- 
broadcasting; this formula is analogous to the expression SY Yale with a static first order moment. Basing ourselves 


=0 
on this, it is possible to introduce the concept of the coefficient v for the distribution of the load admittance for the 
line. The coefficient v , depending on the nature of the load distribution along the line, indicatesthe spot at which the 
basic load concentration occurs. A correct consideration of the quantity v lowers the computation error to a consider- 
able extent. 


The expression for v can be found by determining the admittance moment for the specified line which has a 
length 1 in terms of the admittance moment for an equivalent line which is terminated by a concentrated admittance: 


>) Yale = vlY =hY. (4) 
aq=0 


From this it follows that 


‘y (5) 


The value of v decreases when the load is concentrated toward the beginning of the line and increases when the 
load is shifted toward the end of the line; v fluctuates within the limits 0 to 1. 


In formula (4) the quantity v Y is the total admittance of the line when the admittance distribution is taken 
into account. For convenience in computation we originate from the nature of the line admittances and subdivide the 
quantity v Y into three groups: the resistive admittance Y, , the reactive admittance Yy , and the admittance Y;, of 
the line proper. 


As a result formula (3) becomes 








b= In|1l + Z,L(v,¥, + v,¥,+ v¥,) |. (6) 
In computing the contact net for a mine the resistive admittance includes the electrical railway engines, the 
electrical transport sub-stations and the shunt admittances Y; = n /Z, L The reactive admittance includes all short 
™m 


unprocessed branches whose input impedance is purely capactive Y, = wl > lor. The line admittance is determined 


q=1 
by the kilometer parameters and for G* wC, Y; =wCL. Therefore the computation formula for the attenuation is 
written in the following form in this case: 


m 
h--Injl+ZL[v, -+o0€(vyS 4. 0,5L \| : 
| L | r Aa + ( x2" ) (7) 
q= 
where n, m respectively denote the number of resistive loads (equivalent to the input resistance of an electric loco- 
motive) and reactive loads (branches); Jp, is the length of a branch; vy; vx are the distribution coefficients for the 


resistive and reactive loads; C is the kilometer capacitance of the line. 


In order to determine the accuracy of the computation method we performed computations of several contact 
net circuits for mines; the results were in good agreement with experimental data. 


6. Electrical Simulation vf the Line 





In order to verify the basic theoretical results and conclusions concerning the propagation of electromagnetic 
waves over complex branched power nets we designed and constructed an electric simulator for the line that was 
equivalent to a mining contact net (Fig. 6). 





In this case electrical simulation provides extensive possibilities for studying various modes of operation of the 
line under conditions that are convenient for performing investigations. 


The results of measurements performed using the simulator fully verified the basic physical picture of the phe - 
nomena which occur in such circuits: the formation of standing waves, the magnitude of the attenuation, etc. There- 
fore,in accordance with the recommendations of the author simulation has found practical application in designing 
high-frequency communication units based on contact nets in mines by “Ukrenergochermet”. 


Using simulation it is possible to determine the dependence of the line attenuation and the input impedance on 
the variation of the circuit parameters, to establish the optimal modes of operation for the line, to determine the 
spots at which to install the high-frequency channel equipment, etc. 


7. Electrical Noise in Branched Power Nets 





The intensity of electrical noise in branched circuits and the range of frequencies occupied by these signals are 
very great. We observe an especially high noise level in contact nets for electrical transportation. For example, in 
measuring the noise in a mine contact net by means of an "IP-13" noise meter the noise voltage in the range 20 to 
150 ke was equal to 5 + 40 mv or more. As the frequency increases the noise intensity drops. 


The rectifiers, which produce harmonic components, represent one of the basic sources of noise in dc power 
circuits. Therefore,in order to suppress electrical noise all rectitier units must be specially constructed. For the same 


purpose it is necessary to construct the trolley suspensions and the track,etc. in such a way as to reduce sparking; this 
reduces the formation of pulse noise. 
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One of the basic sources of noise in a power cable net with a voltage rating of 127/380 v is welding aggregates 
which produce an especially high noise level in the investigated frequency range. Therefore all welding aggregates 
must be appropriately “treated”. In general the noise voltage in these circuits is appreciably lower than in contact 
nets and amounts to 0.5 to 2 mv in the 5 ke band. Moreover, it is necessary to underscore the fact that the problem 
of investigating electrical noise in branched dc and ac power circuits requires further detailed study. 
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AUTOMATIC REMOTE CONTROL OF WATER DISTRIBUTION 


I. B. Chizh (Tashkent) 


(Presented before the Conference on Remote Control Science and Engineering 
in Moscow, November 21, 1959) 

Translated from Avtomatika i Telemekhanika, Vol. 22, No. 8, 

pp. 1095-1099, August, 1961 

Original article submitted May 7, 1960 


Problems of automatic remote control of irrigation canals are discussed. It is proposed to develop a 
special mathematical procedure for solution of the involved control problem on the basis of the theory 
of games. For solution of the differential equations describing the transient processes in a canal by 
means of electronic computers, it is recommended to use the method of characteristics. A solution 

is given for the problem of localization of a transient problem in a section of a canal. 


The operation of an installation on one of the canals of an irrigation system cannot be considered by itself, in 
isolation from the rest of the system, because a change in the operating conditions of one of the canals has an effect 
on the conditions in the other canals. This interaction is brought about by upstream propagation through the very canal 
where the action started. When remote mechanization of installations is introduced, there is a new bond imposed upon 
the irrigation system, which, in distinction from the one prevailing before, is of an artificial nature; the use of auto- 
mation introduces a link between the conditions of the water movement in the channel and the operational character- 
istics of the installation. Obviously, the synthesis and analysis of a remotely controlled automatic irrigation system 
is impossible without exhaustive data on the static and dynamic properties of all elements included in the system and 
without knowledge of the mathematical relationships describing their characteristics. 


At the present time it is considered advantageous to refrain from direct remote control of hydraulic installations 
on canals, and to carry out the control of their operations by changes in the settings of automatic regulators. However, 
further investigation leads to the conclusion that equipment of the water outlets with automatic regulators is insufficient 
and does not overcome all difficulties in the control of large irrigation canals. In some cases, when constant delivery 
automatic regulators are used, violations of normal operating conditions of a canal may take place, such as spilling 
over of water over a dam or inadequate supply to users at the end of the line. This is a consequence of the fact that 
the water outlets equipped with regulators are unable to increase the outflow when the canal is overfilled with water, 
and do not cause an increased intake of water when the water in the canal is low. To manage the canal operations cor- 
rectly, it is necessary to be able to foresee the processes which will take place in the canal when the normal water 
flow in it has been disturbed. 


The transient processes in a canal are described by a hyperbolic system of differential equations with partial 
derivatives as follows: 


i, aut, au 
0 @s CAR 2g0s gat’ 
aF * aQ 
att Ge = % ° 


where ig is the longitudinal incline of the canal bottom, F the effective cross section area, H the stream depth, R the 
hydraulic radius, U the mean velocity of the liquid flow, s the distance on the longitudinal axis of a given section 
from the cross section used as the origin, g the gravitational acceleration, Q the quantity of water flowing per unit 
time through a given effective cross section, t the time, and C the Chezy coefficient. 


It is well known that there is no general solution for the system of equations (1). However, it is entirely possible 
to use a fast computing machine for the solution of certain specific cases, One of such problems which it is feasible 
to solve by means of a computer is presented at the end of this paper. 
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Transfer of irrigation systems to dispatcher management by means of remote control was a big step forward. 
However, even now it is already possible to go further than introduction of automation and “distant mechanization”. 
In a “distant mechanization” system, a human dispatcher is connected, by means which are part of the distant control 
system with,mechanisms and instruments located on the canal. At any moment the dispatcher can obtain information 
about the status of the water movements, and is able to interfere in the course of the processes involved. In times of 
rearrangement of the discharge regime, and also during emergencies, the dispatcher has to make very quick and respon- 
sible decisions. In such cases, “remote mechanization” proves to be of inadequate help. Thus, we are faced with the 
need for automatic distant control of irrigation canals. In this, the functions of the dispatcher could very well be carried 
out by a computing machine which as stated above has been recommended so far only for representation of transit 
processes in a canal, 


The mathematical apparatus for development of an operational procedure (an algorithm formula) for a computing 
machine acting as a dispatcher can be provided by the theory of games. Indeed, in the complex of conditions under 
which a dispatcher has to control an irrigation system, it is possible tosee the same situation as in a game: The dis- 
patcher aims to hold the supply of water to the strictest possible compliance with that planned. The “opponent” ~ ob- 
jectively existing unfavorable circumstances — have the opposite aim. The dispatcher makes “moves” to minimize 
certain functions such as, for instance, the differences between the actual and planned water consumption figures; the 
opponent tries not to let that happen. The dispatcher has at his disposal several "strategies." The “opponent” also 
has available great possibilities: rise of air temperature, strong winds, unforeseen actions of the personnel servicing the 
system, accidents, etc. A success in the actions of the dispatcher can be regarded as his “gain” and as a “loss” of the 
opponent, and vice versa; and the gains and corresponding losses can be measured by the same figure with opposite 
signs (one with a plus, the other with a minus). 


After the problem has been brought into the above form, it can be reduced to the most studied case of the theory 
of games— a two-person zero-sum game. The actions of the dispatcher represent a choice of one of the available 
strategies or, in other words, his personal, deliberate "moves." Theopponent, in addition to personal, deliberate moves, 
makes also accidental or random moves; the time and probability of occurrence of a random move must be specified 
when the problem is set up. 


The task of a machine replacing the dispatcher would consist in evolving the best strategy. The theory of games 
makes it possible to review the opportunities offered bya mechanical dispatcher. If the dispatcher before every move 
knows all preceding moves of his own and also of his opponent (which is a socalled game with full information), then 
there exists an optimal strategy; by using this strategy the dispatcher will be sure not to get any result which is worse 
than a certain predetermined result. There is, however, also another case possible: the distant control arrangement 
and the irrigation system are so designed that the dispatcher when making his more does not have full information about 
the preceding actions. For instance, there are two dispatcher points; both dispatchers are like two partners acting 
against a common opponent, but one of these dispatchers may not know what the other dispatcher has done before or is 
doing at the particular moment. In this case, an optimal strategy may not exist, that is,the outcome of the game is 
indefinite. The problem that the dispatcher has to solve can be modified in such a way that even in the case of in- 
definite games it will be possible to obtain feasible recommendations for an advantageous course of action. For this 
purpose, the problem should be set up in the following way: The dispatcher is not required to find the best strategy, but 
only to determine what the probabilities are that the available strategies will produce the most advantageous result, 
With this generalization of the problem, in the general case the probabilities of appearance of one or the other of the 
Opponents strategies are also considered to be known, Apparently, there is good reason to believe that the theory of 
games can be used fos the development of an algorithm (mathematical procedure) for computation of the operation 
of an automatic dispatcher in the control of an irrigation system. 


In conclusion we will examine an example which confirms certain aspec’s put forward in this paper and before 


[2]. 


Let us assume that we have an irrigation canal, all water outlets from which are equipped with automatic regu- 
lators which maintain constant water supplies to the offtake canals. Let there be two kinds of regulators: the regulator 
of the first kind are those which only maintain constant discharges into the offtake canals and do nothing else; such 
regulators do not cause any i2plenishment of flow or head in the parent or main canal. To the second kind we relate 
such automatic regulators which maintain a certain constant head in the main canal, in consequence of which the 
discharges into the branch canals through standard orifices remain constant, considering that there is free outflow to 
the branch canals (negligible flow resistance). 
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Let us further assume that in the water outlet which is in the sp 


F Yes — th sluice (the word sluice being used here in its most general sense ~ that 
In 2p A of a device for checking and adjusting flow and head at a diversion point) 
Qn j at some moment of time a rearrangement of the discharged quantity of 
Qr-? water must take place which proceeds according to the law qp = qp (t). 


Prior to the end of the transient process in the canal caused by the mentioned 








Qnz discharge rearrangement, produced,e.g.,by a resetting of the regulator in 
the sp — th sluice, rearrangements also take place in the other water out- 
lets located upstream from s,, at certain moments of time and proceeding 
Oy according to certain laws. 
i wo . t Let us undertake the task of determining the function Qp = Qh (t) which 


must govern the change in water supply or consumption at the head of the 
canal in order that the regime of water flow in the main canal beyond s, shall remain unaltered, that is, in a steady 
state. We shall do this considering that the following are given: the characteristic parameters of the water motion in 
the established state of flow which preceded the start of the discharge rearrangements, the laws according to which the 
water discharges in all the outlets are being changed, and all essential parameters of the canals themselves such as 
the incline of the bottom ig, the profile of the canal, and the Chezy coefficient C. 


As was stated above, the transient processes in canals are described by the system of equations (1). We shall 
cafry out a numerical solution of this system by the method of characteristics. 


Let us divide the section of the canal from the head to the s,, — th sluice into n equal parts, and let us determine 


the points (tak + S0,k) which are situated on the initial characteristic (see figure). The coordinates ty, are determined 
by means of the recursion formula: 


2s 





toe = bont ——>aq (k=n—1, n—2,..., 1, 0). - 
¥ > (Fo, + %, 5) ve 
j=k 
The coordinate s_ is determined as follows: 
ks,, 
Sk=— (k= nn —1,..., 1, 0). 


n (3) 
Here and further on: the subscripts indicate to which point of the network the given parameters belong. 


bP oe 
ton = 0, Ook = / Box ’ 


and B is the width of the “live” cross section, that is, the one actually filled with water. 


In expression (2) 





The state which prevailed prior to the rearrangement of the discharges is determined by data contained in the 
setup of the problem. Thus, the values of the depth H, and of the mean velocity U from the initial characteristic are 
known; and the following quantities needed for further computations can be determined from known data: 


-V#, r.=\y ser. 


The values of w,d, and U on the halflength straight line s = $,, can be considered to be known quantities, since 
they can be determined from the water consumption Q,, and the depth of the water H, in canal n. Knowing the 
values of these parameters on the halflength straight line s = s, and on the line of initial characteristics (abscissa axis), 
we Can Construct a network representing the intermediate characteristics, We draw straight lines, as shown in the figure, 
through the points 1, n and 0, n which represent respectively the direct and the reciprocal (or inversely proportional) 
characteristics, and determine to a first approximation the crossing point coordinates t py 1, and sn _ ; of these lines 
and the values of U and at these points, which are as follows: 


59.2 Sint (43m = ton) Qav (4) 
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Spin—t = Sin + W (ty,n—1 ei tin), (5) 
As.n—p = Ann —- Don — Yin + Seay 5 Savt Ain hon 6s) 
U naa = Gan — (Ann—i — Ann) + Oray (7) 


where 
Wav=U,n4tO,n, Lav=Uon— On, 
Siav= & (io— OR sn (t),n—1 — tiy,n), 
d.av= g (io— TR an (t1,n—1 — to.n)- 


The second ap, coximations are found by means of the same formulas as above. Only for Way, Q,,. Siay. and 
5:av,now the following more exact values are substituted: 








a oe 
W=ar > Gist), 
j=n—1 
1 
Q av- > (Von — @o,n + Uy n-1 — @1,n—1)s 
2 2 
Siav=8 (i unt SrnPrinms bi fies) (ti.n—1 — tin), 
3Ky ay 
Pe ele 
3, sy= (i 0.n 0.n¥1.n—1 1.7” )¢ nig witeri 


where Kyay and Kgay are the average values of the discharge quantity modulus respectively in the section of the 
direct characteristic between the points (1, n) and (1, n— 1), and in the section of the reciprocal characteristic be- 
tween the points (0, n) and (1, n- 1). 

The coordinates of the other crossing points of the network lines and the values of U and A for them are found 


in a similar manner; there will be some minor differences only in the determination of U and A at the sluices in 
which water discharges are present, 


Thus we have solved our problem which represents a mixed Cauchy-Rieman problem of equations of the 
hyperbolic type. 

After the values of U and A on the abscissa axis have been determined (which corresponds to the sluice in 
which the head junction is located) we can determine the function Qn Qh (t) which we were seeking. 


The anticipation time, that is, the time by which the start of a rearrangement in the s,~th sluice must be fore- 
stalled by a regulation at the head of the canal, is equal to the absolute value of to, 


The relative simplicity of the mathematical procedure, and at the same time the cumbersomeness of the opera- 
tions involved confirms the possibility and the advantage of using electric computers for the control of irrigation canals, 


The example examined by us shows also that by means of computing machines it is possible not only to deter- 
mine the results of certain actions of a dispatcher, but also to prescribe the operations which must be carried out by a 
dispatcher in order to secure a desired results, 
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RESTRICTIONS AND BACKLASH 
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Translated from Avtomatika i Telemekhanika, Vol. 22, No. 8, 
pp. 1100-1107, August, 1961 
Original article submitted June 1, 1960 


We consider a method which may be used to describe the backlashes and restrictions in mechanical 
transmissions used in automatic control systems. The method is based on an account of the elastic 

properties of transmission elements. The method is simple and can be applied both to grapho-ana- 
lytical design and for simulation. 


We propose ways of taking into account the energy dissipation resulting fromthe clash of 
mechanical transmission elements. 


In the analysis of the operation of automatic control systems containing mechanical transmissions it is necessary 
in a series of cases to account for the presence of backlash and of various restrictions, Practice shows that backlashes 
ate especially dangerous in loaded transmissions where the load inertia and elastic properties of the kinematic elements 
may prove to be the determining factors in the resulting self-oscillations. 


There are at the present time two mathematical methods of describing backlash. The first method represents 
the backlash characteristics in the form of a hysteresis loop [1] for a totally unloaded transmission and can be called 
a kinematic means for describing backlash. It can only be used in the description of various measuring circuits in 
which the inertial force is negligibly small in comparison with the frictional forces. 


The second method, which is described in [2, 3],is based on the description of the individual and simultaneous 
(joint) motion of the driving and driven elements by means of the equations 


(J, 4+- Js)@, = (Ji + Jo). = M, + M,;, (1) 
J,9; = Mz, Jape = My. (2) 


The transition from the equations of simultaneous joint motion (1) to the equations of individual motion (2),and 
vice versa,occurs at the time when 


loi-g2l=€ (3) 


where ¢€ is the half-interval of the backlash. Therefore,in order to assure uninterrupted motion we must impose correct 
initial conditions. 


During the transition from simultaneous to individual motion the initial conditions are given by 


Pi0 = Poo =P, Pro = Poot & =, (4) 
where gy and Yo denote the initial coordinates and velocity of one of the bodies at the moment of separation. The 
transition from separate to simultaneous motion is accompanied by a blow (or shock) this significantly complicates 

the determination of the initial conditions for the simultaneous motion. In [3] the proposal is made that we assume that 
at the moment of contact of the two bodies ¢,, the velocity of the driven body, be compared artificially with ¢, the 
velocity of the driver. Obviously this is true only when the acceleration of the driven body, due to the action of the 
load, is very large and its mass is neglibly small in comparison with that of the driver. In this case the driven body 

is almost instantaneously compressed under the action of the external force imposed by the driver and it starts to move 
together with the driver. Thissituation practically never exists in load transmissions. 
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When a proper appraisal is made of the dynamic phenomena accompanying the collision of two bodies the formu- 
las used for the determination of the initial conditions of simultaneous (joint) motion become significantly more com- 
plex. In order to determine the initial conditions we must take into account the plastic properties of the bodies. We 
can obtain these properties if we examine the two limiting cases. In the first case the bodies seem to be stuck together 
after the collision and they move on further together. According to the law of conservation of momentum the mutual 
velocity k of the bodies after the collision is given by 


miZ10 + Mare 
m, + Mm, : (5) 


In the second case the bodies move away from each other after the collision. Since the kinetic energy and 
momentum are preserved we get 


x ; m, x? m, x? . . ° : 
it + ae: == = 4. ee » My + MeLe = My Typ + Mego. 


The velocity of both bodies after the collision is obtained from the formulas 


z= 
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Thus, when describing backlash by means of the equations for individual (2) and joint (1) motion we must include 
supplementary formulas that enable us to determine the initial conditions. This greatly complicates the modeling of 
dynamic systems with backlash. Besides, this type of approach does not permit us to make use of graphical-analytic 
methods based upon harmonic balance [1] and harmonic linearization [4]. 


All of these facts force us to seek a more easily applied method for the description of backlash and restrictions. 
In this paper an effort is made to give a simple structural description of backlash and restrictions taking into account all 
of the basic peculiarities involved in the collision of two bodies and the elastic properties of mechanical trafsmission 
having backlash and restirctions. The proposed method provides a simple way for performing graphical and analytic 
calculations and modeling. 


1. Analytic and Structural Representation of Backlash and Restrictions 
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We can describe the behavior of a mechanical system with backlash and restrictions much more simply and yet 
with sufficient accuracy if we use the elastic properties of the system. Let us consider a system consisting of several 
masses separated by elastic elements. The forces or moments transmitted from one mass to the other are functions (non- 
linear in the general case) of the deformation of the elastic elements separating these masses. These functions can 
usually be linearized if we put them in the form 


M=ky 6, (7) 


where M isthe moment transmitted by the system, 5 is the magnitude of the elastic deformation,and ky is the coefficient 
of elasticity; ky depends upon the material from which the transmission elements are made, their dimensions,and form. 
The value of ky can be determined experimentally or it can be calculated if we known the geometry of the transmitting 
elements. 


Taking into account the elastic moment of rotational motion of two bodies separated by backlash,we can write 
the equations 


Ji91 = M, — M, JH: =M,+M, (8) 


where M is the moment of the reaction of one body upon the other as calculated by means of the formula (7); M, and 
My, are the total moments due to all the external forces (except the reaction moment) applied respectively to the first 
or second body. The deformation 6 in the presence of backlash having a width 2€ is determined by the obvious relations 


i — 2 — © where}; — Pz > &, 
d=} 0 where?1 — 21S ®> (9) 
P: — G2 + © whereg, — g, << —®. 





















































































































































Fig. 2, 


We can'write equation (8) in a more detailed manner by separating the resistance moments which are proportional 
to the masses of the displaced bodies which are often encountered in the transmission of forces 


Ji: + 1191 + 91 = M, —M —EMe, (10) 
Jo. + /a2 + C2, = M — M, —=MQ. (11) 


In these equations f , and f, are the coefficients of the moments analogous to the case of viscous friction; c, and 
C, ate the coefficients of the moments associated with the shift in positions; M,,, is the moment associated with the 
motion, applied to the driver; M, is the moment associated with the load that is applied to the driven element,and 
=Mcy and £Mcz are additional possible resistance moments. 


A block diagram showing the structure of the system described by equations (7), (9), (10), and (11) is given in 
Fig. la. The figure is simple enough for graphical-analytic calculations and for modeling. The setup used for model- 
ing the system is shown in Fig. 1b, In contrast to the set-up shown in [2] it does not require any changes or adjustments 
or calculation of the initial conditions in order to model the transition from individual to joint motion. When the de- 
pendence of the moment M upon the deformation 6 is nonlinear the block diagram remains the same except for the 
fact that the characteristics of the nonlinear unit are curves rather than straight lines; this is required by the nonlinear 
dependence. 








The use of a hysteresis loop to describe the backlash characteristic follows from Fig. 1, it is a particular case 
of this figure. The dependence of the position of the driven body g2 upon that of the driver g, is described by means 
of equations (7), (9) and (11). The block diagram of Fig. 2a (for ZLMc, = 0 and M; = 0) is based upon these equations. 
If the moments of position and inertia are absent then for a transmission with an infinitely large stiffness the block 
diagram describes the backlash in the form of a hysteresis loop (Fig. 2b). If the inertial and damping moments are 
negligibly small then the block diagram shows a zone of instability (Fig. 2c). The positional moment in this case, 
so to speak,”chooses” the backlash. The angle of inclination (the slope) of the branches which constitutes the character- 
istic of the instability zone is equal to the arc tg k/1 + k, where k = ky/ C2. 


The restriction on the motion (deviation) of the mechanical transmission elements in an automatic regulating or 

control system can be considered as a particular case of backlash. In this case the driven body is retarded (gy, = 0) and 
the magnitude of the gap € depends upon the maximum value of the boundary magnitude gymax. The motion of a 
mechanical transmission with restrictions is described by equations (7), (9), and (10) if we substitute g, = 0 and € = gy max. 
The block diagram of an inertial element withrestrictions is given in Fig, 3a, The nonlinear characteristic of the 
unstable zone is in the feedback loop. The block diagram can be constructed in such a manner that the nonlinear 
element is located in the direct path. It follows from equation (10) that 

M m— 2Me — JG. — f191 = Mo. (20a) 


where 


M, = (9, + M. (12) 


Using equations (7) and (9) we get 


ky (9: ma if 1 > % max 
M=\ 0 if |g \<@max 
ky (Q + Fimnax’ if Pi << — ¢ max. 


(13) 
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Equations (12) and (13) determine the connection between the change in g, and the moment Mg which is shown 
graphically in Fig. 4a. The slopes a, and a, which characterize this bond are functions of the coefficients c, and ky 


drone i ‘ 
a = arctg—-; a, = arctg a+hy . 


In the particular case where restrictions are placed upon the motion of a system with infinitely large stiffness 
(ky — ) the graph of Fig. 4a degenerates into the customary nonlinear characteristic for this type of restriction as 
shown in Fig. 4b. In this form it may be used in graphical-analytic calculations used for automatic control systems. 
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2. How to Take Account of the Inner Dissipative Forces 





The methods described above for obtaining a structural representation of mechanical systems with restrictions 
and backlash do not take into account the energy loss which occurs in actual systems during collisions, i.e. .the trans- 
formation of part of the kinetic energy into heat energy. Thisenergy dissipation due to inner dissipative forces is 
associated with the elastic imperfections of the material of which the colliding bodies are composed and of the entire 
kinematic circuit, i.e.,with the plastic deformation of the bodies at their point of contact and with the inner friction 
in the metal during elastic deformations of the system. If we take into account the energy dissipation we obtain a 
damping of the oscillatory motion of the bodies during collisions even when no external (with respect to the moving 
bodies) dissipative forces such as viscous or dry friction are present. 


An exact picture of the energy dissipation during collision is extremely complex. However,we find that in order 
to obtain a structural (block diagram) representation which we can use as a model of an automatic control or regula- 
ting system where backlash is present in the mechanical transmission and where the mechanical system is subject to 
restrictions, it is possible to obtain accurate results with a simplified block diagram. We assume that there is no plastic 
deformation of the colliding bodies and that the kinematic circuit is subject only to elastic deformation. As far as 
the engineering approach is concerned the following two ways of taking accountof the dependence of the dissipative 
forces upon elastic deformation seem to be the most logical. 


1, We consider that the dissipative force Q is directly proportional to the velocity of the elastic displacement 
5 of one body with respect to the other 


Q = kdis 6. 
The value of the coefficient k4;, can be determined from the damping of the oscillations during the collision of 


the elements in a kinematic circuit having a real construction. In this case the dissipative forces of internal friction in 
the material are analogous to the forces of viscous friction. 


2. We assume that the energy A dissipated in the collision of the two bodies is directly proportional to the ab- 
solute path of the elastic displacement L of one of the bodies with respect to the other: A = k,L,where L =f | 6 [dt. 


Taking into account the fact that the dissipative force must equal the derivative of the energy A with respect 
to the elastic deformation we get 


d d Y d " . 5 
Q = a 4 = hy a \ 5 [dt = ke 3s \ Ssignd at, 
or Q = kesin 8. 


In this case the inner dissipative forces are analogous to the forces of dry friction. When 5 =0 there is no dis- 
sipative force. 

We may use a similar method to take into account the energy dissipation not only during backlash and restrictions 
but, in general, during elastic deformation of the elements in automatic control systems. 


In Fig. 3a we show a block diagram of a mechanical transmission which is subject to restrictions; the dashed 
lines indicate the elements which take into account the dissipative forces in accordance with the second method out- 
lined above. 


In order to avoid the inclusion of a differentiating unit, this being undesirable for modeling, we will express 
the velocity of the elastic deformation by means of the relation 
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-- dx df(x) dx -* 
6 = / (2) = - ar =th (2), 


where f , (x) is a relay characteristic The block diagram corresponding to the expression is shown in Fig. 3b, 





3. Examples 





We would like to present some example demonstrating the use of block diagrams for automatic control or regulating 
systems containing backlash. 


Example 1. Pneumatic servomechanism with a final control element that possesses inertia and where backlash 
is present in the transmission, Account is taken of the stiffness of the transmitting elements and of the enregy dissipation 
in the backlash (Fig. 5a). 


The equation of motion has the form F(t — 1) = kp [2 (t) — hoot: ()), 


mix; + firs = fF — Fy 
Fy =kS, Fy = Fosign S, 
m—2%-—e& if %1—%m>e, 
s={o if |2—2/|<e, 

m—2+eif m—w2<—8, 
where z is the control signal, F is the force applied to the piston rod, kp is the slope of the servomotor characteristic, 
Koc is the slope of the feedback loop of the servomotor,r is the delay in the pneumatic system, x, is the displacement 
of the motor piston rod, m, and mg are the masses of the piston and load respectively, f, and f, are the coefficients of 
viscous friction on the piston rod and load respectively, F, is the force of elasticity, k, is the coefficient of elasticity, 
S is the elastic deformation, F,, is the resisting force applied to the load, Fy is the dissipative force, with modulusFp. 


The corresponding block diagram is shown in Fig. 5b. 


Example 2. An electric motor loaded by a system of masses which are connected by means of elastic elements 
and backlashes. 


Let us examine the system which is shown schematically in Fig. 6a. Corresponding to this system we have the 
mechanical system: electric motor-reducer-final control element, where account is taken of the gaps and of the 
toothed transmission. The dashed lines in Fig. 6a separate the homogeneous blocks, of which there can be any number. 

The equation of the motor is given by 


(14) 
where U is the voltage applied to the motor and M,,, is the moment at the output shaft of the motor. 
The equations for one of the blocks are given below: 
=fy i My = iM My = ky ds, 
?; —@:i—e&, for ?; —Pi >8:, 
b= {0 for |p, —9:|<®1, (15) 


@,—@i1te: for @—9i<—e:, 
9, =, @1=O1, Jiai1 = M, — Mi — My. 
Equations analogous to (15) may be written for the other blocks. The corresponding block diagram is given in 
Fig. 6b. 
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ESTIMATING THE RELIABILITY OF AUTOMATIC SYSTEMS 
FROM THE RESULTS OF TESTING AN INCOMPLETE SET 
OF EQUIPMENT 


S. M. Kuznetsov (Moscow) 


Translated from Avtomatika i Telemekhanika Vol, 22, No. 8, 
pp. 1108-1116, August, 1961 
Original article submitted November 21, 1960 


The paper studies a method for estimating the reliability of systems on the basis of results obtained 
by testing an incomplete set of equipment. 


The dependence of the estimate error on the structure of the system is established along with 
the relationship between the volumes of the element groups which enter into the composition of the 
tested and untested units. 


A statistical estimate of the reliability of automatic systems is associated with testing a large amount of e- 
quipment (the power of the vibration stands, the volume of the refrigeration chambers, the humidity, the heat, etc.). 


Systems consisting of a large number of complex and cumbersome blocks and aggregates must in that case be 
tested separately; under these conditions a portion of the most cumbersome blocks and aggregates is not tested. 


The absence of the necessary data on the reliability of the individual parts of the system substantially lowers 
the accuracy and reliability of the estimates and often eliminates the practical value or expediency of such test. 
Under these conditions it becomes necessary to develop more refined methods for estimating the reliability of systems 
from the results of testing an incomplete set of equipment. 


General Concepts for Solving the Problem 





A distinguishing feature of modern automatic systems is their use of a large number of elements, sections, and 
modules of the same type which operate under approximately identical arid almost optimal operational conditions. 
These special features make it possible to use the differentiated method of statistical estimation of system reliability 
in solving the problem posed above while taking into account the relative number of failures in elemens and sections 
(modules) of the same type in the system. 


The essence of the differentiated method of obtaining an estimate is based on the following assumptions. 


If the system consists of k different groups of elements of the same type which are characterized by approxi- 
mately the same damage probability, then the over-all damage probability P, for the system (with respect to all 
groups of elements of the same type) can be expressed in terms of the damage probability P,; for the system with re- 
spect to each group of elements of the same type:* 


Py = 1 — (1— Pgy) (1 — Pag) . . . (1 — Pox) (1) 


For Pg; «1 eq. (1) can be written in the following simpler form with an error up to erms of second order small- 
ness** ; 


k 


* It is assumed that damage to any element in the system is associated with damage to the system. 
** The methodological error involved in the estimate for this case can be determined analytically from the formula 


AP, => UP y Pst EP PoP: eee + (— 1)* PP oj Po1--+P ox. (A) 
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For an experimental estimate of the quantity Pj we specify the statistical characteristics of the reliability in- 
dices for the systems: the mean-arithmetic frequency of system failures with respect to each group of elements 
aj, and the statistical dispersion Df;. These statistical characteristics converge with respect to probability to the 
mathematical expectation a,j and the mathematical dispersion D,; of the reliability indices as the number of 
samplings increases . 


The numerical characteristics of the system reliability indices ag and Dg can be expressed in terms of the quanti- 
ty a2{ Daj. 


In accordance with (1) we shall have « « 


k 
Gy = >) Oy, 


x 
De =; > Dai (2a) 


a-V Be. 


In analogous fashion we can establish the relationship between the damage probabilities P,; for the system and the 
damage probability P for its elements. 





Assuming that 


M 
Pm (3) 
we have by analogy with (2a): 
M; M; (3a) 
M3, = >) de, Dx = >> De. 6 = oe V Mi, 


where M, is the number of elements of the same type in the group. 
Substituting the value of oj from (3a) into (2a), we obtain 


4 = V Smet. = 


In accordance with (3b) the mean square deviation of the reliability indices for the system from their average 
probability values depends not only on q@ but also on the structure of the system: the number M of elements of the 
same type and the number of groups k. 


Relationships (2) and (3) can be used for a statistical estimate of system reliability from the results of testing 
an incomplete set of equipment. 


* System reliability, depending on the purpose of the system and the conditions governing its operation, is character- 
ized by various indices: the reject fraction (the relative number of faults in the system during fixed time interval),the 
intensity or frequency of failures,etc, Irrespective of the established indices, the estimate of system reliability is 
usually associated with determining the absolute or relative number of faults for the system over fixed time intervals. 
** Equations (2a) are based on the throrem for the mathematical expectation and dispersion of a sum of independent 
random quantities. 
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We shall study the effectiveness of using the differentiated method of estimation in solving the problem posed 
above. 


If system elements of the same type are subdivided into groups while taking into account the possibility that 
they are tested within the context of the devices and blocks of the system (cf. figure), then the over-all probability 
P, of system damage (with respect to all the complexes of groups)can in analogy with (2) be expressed approximately 
in terms of the probability of damage to the system with respect to each complex of groups P.4, P.», and P.3: 


L R 


(4) 
Ps = Poy + Pos + Pe; ~ 2 Put > Pit DP, ly 


where P,; is the probability of system damage with respect to each group of elements of the same type which are in- 
cluded among tested devices; Ppj is the probability of system damage with respect to a group of analgous elements 
(elements of same type) which do not enter into the makeup of the tested devices; Ps) is the probability of system 
damage with respect to the remaining groups of elements which are not included among the tested devices and aggre- 
gates: of the system; L is the number of different groups of elements of the same type in the first complex (which are 
included among the tested devices); R is the number of groups of elements which are of the same type as the elements 
in the first complex which are not included among the tested devices; S is the number of groups of elements which 
are not of the same type as the elements in the first and second complexes which are not included among the tested 
devices and blocks in the system. 


We shall study the possibility of determining the individual terms of Eq. (4) when testing systems with an incom- 
plete set of equipment. 
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The Probability of System Damage with Respect to Groups of Elements in the First 
Complex 


The first complex of terms in Eq, (4) can be determined directly from the results of testing the devices in the 
system. 





Assuming that the probabilities P,j of system damage (with respect to each group of elements in the first com: 
plex) are approximately equal to the arithmetic mean of the relative number of faults (the frequence of failures) 
in the system with respect to the specified group of elements EyjPyj * Ey = £m/N in accordance with (2), we shall 
have 














$e 
a, (5) 
> P ~} Ey -y2 y 
where mj isthe number of faults in the system with respect to each group of elements in the first complex, N is the 
number of tested systems (groups of elements of the same type). 


The probability of system damage with respect to the first complex of groups can also be expressed in terms 
of probability of the damage to the elements which enter into the composition of the groups in the first complex. 


Substituting the value of P,; into (5) in accordance with (3), we obtain 


LM; 


PuxS 3 Pe. (6) 


where M; is the number of elements in each group, and L is the number of groups. 


If the numerical characteristics of the reliability indices for the elements are detected with a mean square 
error o, during the process of testing the system, it follows that the mean square error in determining the reliability 
indices for the system (with respect to each group of elements in the first complex) will be determined by the following 
relationship in accordance with (3a) 


Sti= \/ Sete 5e VM; 


If the quantities o 4; are determined with identical reliability, then the mean square deviation of the reliabil- 
ity indices of the system with respect to all groups of elements in the first complex is determined in accordance with 
(2a) by the formula 


(7) 





/ = 2 -: 2 (7a) 
Sc =/ Stu VSM 


Expression (7a) demonstrates that the quantity o..; depends not only on o,; but also on the structure of the 
system, the number of elements M, of the same type, and the number of groups L. 
The System Damage Probability with Respect to Groups of Elements of the Second 
Complex 


Fromthe conditions governing the problem elements in the second complex are of the same type as the ele- 
ments in the corresponding groups of the first complex. 





If the operating conditions and the mode of operation for the elements in the untested devices and aggregates 
of the system do not differ substantially from the operating conditions and mode of the corresponding element in 
the first complex, it follows that the results of testing elements in the first complex can be extended to apply to 
elements of the same type in the second complex. 


In that case the second term of Eq. (4) can be determined indirectly by scaling the results of tests made on 
each group of elements in the first complex so that they apply to the corresponding elements in the second complex. 
Assuming that the damage probability for elements of the same type in the first and second complexes is approximate - 
ly identical (Pe, & Pez), we shall determine the system damager probability with respect to each group of elements 
in the second complex. 


For a different number of elements M, and Mz, in groups of the same type in the first and second complexes this 
probability is determined by the relationship 


M 
Poi = Pa yt: (8) 
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The probability of system damage with respect to all groups of elements in the second complex is determined 
by analogy with (5) by the formula 


Pom S' Pe M 
ca > ni= >) Pri 7, (9) 


where Mj; and Mjg are the respective numbers of elements in groups of the same type in the first and second com- 
plexes . The expression for P.2 can be written in accordance with (6) in the form 


RM; 


Pax >>) Pej 


The mean square deviation of the reliability indices for the system with respect to each group of elements in 
the second complex is determined by analogy with (7) by the relationship 


(9a) 


17 10 
6,5=6,5;V My. (19) 


The mean square deviation of the reliability indices for the system with respect to all groups in the second 
complex isby analogy with (7a) equal to 





ca-V Yaj-V Bmact. ay 


Since the damage probability for elements of the second complex can be determined only indirectly in accord- 
ance with the conditions governing the problem (from the results of testing elements in the second complex), it 
follows that in order to determine the quantities § nj in Eq, (11) we can introduce an additional (methodological) 
error which is caused by the difference in the modes of operation for elements of the same type in the first and second 
comple xes, 


The magnitude of the resultant error will depend on the difference between the modes and on the relationship 
between the volumes (number of elements) M,j/ Mj for groups of the same type in the first and second complexes, 


For an insignificant difference in the modes of operation and a relatively small number of elements in the 
second complex the magnitude of this error can practically be neglected; it can be assumed that the damage proba- 
bility of the system with respect to the second complex of groups can be determined with a sufficient degree of 
accuracy for practical purposes from the results of testing an incomplete set of equipment. 


The System Damage Probability with Respect to Groups of Elements in the Third 
Complex 


The probability of system damage with respect to groups of untested elements in the third complex is deter- 
mined by the third term in Eq, (4). The magnitude of this term cannot be estimated from the results of testing the 
system, since elements in the third complex are not included among the tested devices and are not of the same type 
as the elements in the first and second complexes. 





This term can be determined only analytically from the results of preliminary tests of the elements proper. 


If as a result of testing these elements (under conditions corresponding to the operating conditions) the dis- 
tribution of their faults yj (t) * mj, (t)/ Mis is detected statistically along with the dispersion of this distribution, 
then it follows that on the basis of known postulates in probability theory it is possible analytically to determine the 
damage probability Pes for these elements during the period corresponding to the testing time for the system. 


In that case the system damage probabilities with respect to each group of elements in the third complex can 
be determined approximately in accordance with (3) by the relationship 











= (12) 
Py =>; Rgy 

The probability of system damage with respect to all the groups of elements in the third complex is deter- 
mined by analogy with (6) by the expression 


s s M js 
Pos =>} Py= >; De Pog (13) 


where M; is the number of elements in each group, S is the number of groups of elements in the third complex. 


The mean square deviation of the numerical characteristics for the system reliability indices with respect to 
all the groups of elements in the third complex is determined by analgy with (7a) by the equation 


sc te ere 
sa<V Ser-V Smecd. (14) 


The cuantity 6¢3 does not take into account the methodological error in estimating the reliability of the 
elements; this error may have an effect when there is a substantial difference between the testing and operating con- 
ditions for the elements in the thrid complex. 


For an analytical estimate of system reliability it is assumed that the difference between the testing and oper- 
ating conditions of these elements is not substantial, and thus the magnitude of the methodological error can be 
neglected since it is averaged. 


The Error in Estimating the Reliability of Systems 





If the probability of system damage with respect to all the complexes of element groups can be expressed in 
accordance with (4): 


Ps =~ Pe, + Peg + Pcs, 


then substituting the value of P, we will have the approximate relationship 


L R ) 
Ps =>) Put >) Paj+ >) Py 


in accordance with (5), (9), and (13). 


Replacing these system damage probabilities by the probability of element damage, we obtain the formula 


tL R s 
Py = >) MiPeit+ > M;Pe;+ > Mi Pei, 


where Mg, and Pe are the number of elements of the same type in different groups of each complex and the proba’- 
bility of their damage during the time t. 


The mean square deviation of the reliability indices for the system can in that case be expressed in terms of 
the mean square deviation of the terms 





(15) 
Gs =V ok + ote + oe. 








Substituting the value of o¢j from (7a), (11),and (14) into (15), we obtain 














1-V(V sa) )(V Sats) 4 (/ Siat,). (15a) 


Replacing the terms in the right side with the mean square deviations of the reliability indices for the elements, 
(15a) can be written as 


a= VV [Svmal WV [svat AV |Svm vm | . a 


Expression (15b) demonstrates that the quantity 0, depends not only on dei, O¢j,and oj, but also on the struc- 
ture of the block diagram for the system: the number of groups containing elements of the same type L, R,and S, and 
the volumes of these groups (the number of elements in the groups Mj, Mj,and Mj )*. 











For a system consisting of My identical elements (moduli) that has a structure which is maximally uniform the 
value of the mean square deviation of the reliability indices for the system from their average probability value will 
in accordance with (15b) be equal to 





= V Me + Mase = V Mc, 


where Mp = My + Ms is the over-all number of elements in the system, M,, M,arethe number of elements in the 
tested and: untested devices of the system. 


It should be noted that irrespective of the degree of nonumiformity of the system structure it is possible to 
determine the over-all error more accurately in estimating system reliability for differentiated manipulation of the 
test results than for the conventional method of estimation; this is due to the additional averaging of the quantities 
Geis Fej and oz (the conventional method involves an estimate over a set of systems). 


The Error of the Reliability Estimate of Systems 





If the error in estimating the mathematical expectation of the reliability indices for the elements can be ex- 
pressed by the quantity 


e 
|ae— ae | = Ye’ 
then the probability that the true value of the unknown quantity ae will be confined within the limits ag — ye; 
a8 + ye is determined by the relationship * * 
He = PC | ae — ae|< Ye) 


* The multiple nature of the averaging proves the possibility of determing the value of os with a high accuracy, 
In determining the statistical estimate of system reliability the quantities ae are defined as the arithmetic mean 
of the relative number of faults ( the frequency of failures) in the elements during the time t: 


Stet 
Cc M, 


where ne; is the number of failures for the i-th elements of the system during the time t, and Mj is the over-all 
number of (tested) elements of the same type. 











The probability ae in this case characterizes the reliability of estimating the quantity ag, and y ¢ represents 
the error in this estimates 


It should be noted that ae and ye are interrelated quantities since for a specified number of samplings Mj 
the reliability of estimating ae increases to the extent that the allowable error y ¢ increases; conversely, the decrease 
in the reliable interval ag + y leads to a lowering of the reliability a. 


For a specified reliability a the error y in the estimate (for normal distribution of the deviations of the reli- 
ability indices for the elements) can be expressed in terms of the mean square error ** 


If we use the quantity 


4 M 
= M—1ds (m—@y, 


as an approximate value for the dispersion of the element failure frequency, then the approximate value for the dis- 
persion of the mean arithmetic frequency of element failures is determined by the expression 


8 1S 7 
N= mM = Mat (mi — ae”. 


In that case, as demonstrated in [1,2], for a specified reliability a the error in estimating the mathematical 
expectation of the reliability indices for the elements can be expressed using the relationship 


Te= HT a, (16) 


where Tt, is a proportionality multiplier which is determined from tables cited in probability theory texts; this 
multiplier depends on the reliability of estimating a and the number of samplings Mj. 


Relationship (16) makes it possible to determine the error in the statistical estimate of the reliability of the 
elements as a function of the number of tested elements Mj and the reliability a of the estimate. 


If the quantities y ej are determined for elements in the system with an identical reliability y , then by ex- 
pressing y, in terms of o, we shall have by analogy with (15b) 


-VV [svimaal )V [Svat lV [svamell 


Relationship (17) makes it possible to determine the experimental error in the statistical estimate of the re- 
liability of systems on the basis of the results obtained by testing an incomplete set of equipment. *** 

















= 





It should be noted that as the number of elements M; of the same type is increased the error in estimating the 
system reliability with respect to each group of elements (and therefore the error in estimating the reliability system 
as a whole) will tend toward zero regardless of the number of complexes in the tested equipment, 


The validity of this proposition is based on the law of large numbers and can be verified using the Chebyshev 
inequality from which we obtain: 





* Analogous concepts are also established for estimating another numerical characteristic of the reliability indices 

for the elements: the dispersion D, or the mean square deviation og/D_ . The accuracy and reliability of 
estimating the numerical characteristics of random quantities for a small number of samplings is teated in[1,2). 

*¢ It is assumed that when the technological process flows in a normal mode and the operating conditions are optimal 
the deviation of the reliability indices for the elements during fixed time intervals is approximately governed by a 
normal distribution. The validity of this proposition is demonstrated in [3). 

**e We would have arrived at an analogous formula on the basis of an analytical estimate of system reliability on the 
basis of the specified reliability indices for its elements. 








lim P {Jaz —ae|>7} =0 (M+ 00) 


lim P {|ae—ae|<7}=1 (M0). 


i.e., the probability of the deviation of the arithmetic mean for the random values of the element reliability indices 
ae from the mathematical judgement a, by an amount greater than y> 0 tends toward zero for M> ~. 


This proposition proves that the efficiency of the statistical estimate of system reliability using the differenti- 
ated method increases as the uniformity of the system structure increases. 


Conclusion 





The estimate of system reliability from the results obtained by testing an incomplete set of ecuipment can be 
performed using the differentiated method if statistical and indirect analytical methods for estimating the system 
errors from groups of elements of the same type, which are included in the tested and untested devices of the system, 
are combined. 


The accuracy and reliability of such an estimate depend substantially on the uniformity of the system structure 
and on the relationship between the volumes of the element groups that make up the tested and untested devices. 
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A FAST MULTICHANNEL DISTRIBUTOR USING TRANSISTORS 


Ya. E. Belen’ky and V. N. Mikhailovsky (L'vov) 
Translated from Avtomatika i Telemekhanika Vol. 22, No. 8, 
pp. 1117-1122, August,1961 

Original article submitted July 21, 1960 


A multiphase multivibrator is described which is made up of transistors, using one transistor for each 
operation controlling pulse, Basic elements for computation of thecircuit's operation are indicated, 
and possibilities for use of the scheme as a fast distributor are shown, 


Distributors belong to the functional units most frequently used in distant control apparatus. They are em- 
ployed for start-stop operations, for coding, as commutator devices, as selector switches,etc. 


The basic goals in the development of distributors are improvements of accuracy, of dependability, of length 
of useful life, of speed of operation, and of flexibility in readjusting to the number of channels needed at various 
times, also the decrease of over-all dimensions of power consumption and of cost. These goals are reflected most 
highly in the distributor arrangements which are being assembled for articles of mass production. 


Lately a most economical vacuum tube circuit for a distributor has been proposed [1]; this is the so-called 
multiphase multivibrator circuit, in which for each channel one vacuum tube and three passive circuit elements are 
required. 


Circuits of the multiphase multivibrator type make it possible to obtain distributors with start-stop action, which 
have found widespread applications in distant control devices, Transistors used in the circuit as “active” components 
provide an ultimate simplification of the distributing device. 


Let us examine the operation of a multiphase multivibrator using junction type p-n-p transistors under condi- 
tions of self-excitation. The circuit of such a self-excited transistorized multiphase multivibrator represents a multi- 
stage RC amplifier having a common emitter resistance re (Fig. 1) which in the genera] case can be replaced by a 
complex impedance Ze, 


The resistances, and t}, and the capacitance C have the 
same values in all stages of the circuit ring chain of which a 
symmetical multivibrator is composed, The workings of the 























=, +6, steady state oscillatory regime of such a multivibrator can be 
F = represented as follows (Fig. 2). 
. " Ur efl\ tu At a certain moment of time all transistors of the multivi- 
bi bz bs ey} Ss brator, with the exception of the first, are blocked due to the 
>| positive potential produced across resistance tr, . To transistor 
Fig. 1 T,, in addition, a negative potential bias Upis applied, due to 


the preceding transient process which caused a change in the 
charge of condenser C, (Fig. 2a). 


The potential U)) exponentially decreases with time, and thereby causes an exponential falling off of the 
positive potential pulse in the collector line (Fig. 2b). Simultaneously, as a result of the decrease of the collector 
current ic, the positive voltage bias Ue is decreased (Fig. 2d). 


The positive impulse of the collector voltage with the exponential upper part is applied to the transition cir- 
cuit loop Th, Ce (which is a quasidifferentiating circuit), and then goes to the base of the next transistor T, (Fig. 2c). 
As a result of the quasidifferentiation of the exponential upper part of the collector impulse, the potential on rp, 
becomes negative, and from then on during its further increase compensates the blocking action until finally tam 
sistor T,; is opened up for passage of current. 
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At that moment the processes in transistors T; and T, 
a | Wn are similar to the processes in a multivibrator with common 
y t emitter at the moment of its flipping-over. The collector 
pping 


Up current of transistor T, produces an additional potential on 
| resistance fe, which decreases the collector current of the 











As a result of the flipping-over, the potential on the 
base of the second transistor is decreased by the amount of 
voltage change in the tail of the pulse in the collector cir- 
cuit of transistor Ty. In the following course of events, the 
described process is repeated cyclically, proceeding along 
the transistors included in the following stages of the ring 
chain. 


U 
bi ; | transistor, and this in turn produces an increase of the neg- 
| | ative potential on tm» and an increase of the collector cur- 
Of 1 t b 
. i rent of transistor T,, and so forth. 
| 
1 











The transistors of a multivibrator ring chain, other 
than the two that take part in the generation of the partic - 
ular pulse which is due to be produced, remain blocked at 
that time and have no effect on the over-all action of the 
entire circuit. Therefore, a multiphase multivibrator can 
be composed of a great number of stages. 








If the ring chain of transistors is broken by applying 
to the base of the first transistor a negative potential bias 
control large enough for the current of the first transistor to produce 

on the common emitter resistance a potential which will 
Fig. 2, block all of the transistors, then the circuit will be in a 
stable condition. 








A positive starter pulse, applied to the base of the first transistor, causes the blocking of this transistor and the 
unblocking of the next transistor in the chain - and then the generation of the successive pulses proceeds as described 
above; the total number of pulses produced is ecual to the number of stages in the ring. After generation of the last 
impulse, the potential on the base will fall to zero, U, will be decreased, the first transistor will open up, and the 
circuit will gain return to the stable state. In this way simulation of a standby multivibrator is obtained. 


A mathematical analysis of the operation of such a multivibrator is based upon a linear approximation of the 
open circuit characteristics of a transistor. The transistor circuit is considered as an analog to the corresponding 
vacuum tube circuit, The gain and the internal resistance of the equivalent circuit will be expressed by the following 
formulas: 


ia ha 
Ur = “Th + teh, (1) 
hy tr (i+A,,) 


Re= Ty — 





(2) 


where the hjj's are the h parameters of the transistors with grounded emitters in matrix form, and 


Ah = hygy fgg — Nyy hey + Te he3. 


The duration of the generated pulses, with the assumptions mentioned above and under the condition that 
I, << fp , is determined by the following expression: 


Tm a(t + an) + Lan + 2 (¢ — 1) — 1 (3) 





kag -+ kas (e — 2) , 
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~~ 





where 





The value of is found by means of experiments; it varies within the limits of from 0,2 to 0,5, 


Practically the ratio of the duration T of the pulse to the time constant rt of the transfer circuit loop T/r 
varies between 0.8 and 1.2 for various regimes of stable pulse generation. 


It is evident from formula (3) that by changing the parameters of the RC circuit loops it is possible to change 
the duration of the diverse pulses, and thus it is possible to obtain a "nonsymmetrical” multiphase multivibrator with 
pulses of predetermined unecual durations [2]. 


The duration of the pulses can also be varied by changing the bias voltages applied to the bases of the various 
stages; by this means, an earlier or later unblocking of the transistor next in line can be obtained. This will make 
it possible to vary the output pulses in duration while the operation of the multivibrator is in progress. 


The transistorized multiphase multivibrator cir- 
cuit is well adapted to be synchronized with timing or 

% starting pulses, and specifically on a standby basis; it 
= also can be synchronized with sinusoidal and pulse voltages 
of external origin. The voltage to be synchronized with 
U,, is applied to the common branch of the emitter cir- 
cuit (Fig. 1), and it is possible to specifically control the 
duration of each output pulse by means of an external 
voltage; yet only a single source of synchronization is 














needed. This makes it possible to use the multivibrator 
a 4 in various pulse techniques of distant control apparatus 


- ; where certain definite time relationshipsare required be- 


tween the appearances of the pulses from the distributor 
and the operation of other components. 























a A good example of application of the described 
methods is the synchronization of two commutators for 
at% multichannel measurements at a distance which was 











20F- x3 described in [3]. In the case there considered, the vacu- 
/ um tubes are replaced by transistors. 


/ When the problems of stability are examined, it is 
/ ! found that the sawtooth shape of voltage pulses in the 








2 emitter, as evident from Fig 2c (right side insert), in - 
creases the angle a4 + a, made by the intersection of 
the base to ground voltage drop Up (curve 1) with the 
emitter to ground voltage (curve 2); and the latter are 





604,°C 








——— : pon the factors which control the unblocking of the next in 


line stage and determine the duration of the produced 
pulse. 


The increase of the intersection angle of the con- 
7 trolling voltages, as is well known, lowers the lack of 
constancy of the pulse durations in the multiphase multi- 
vibrator circuit which is due to various factors: variations 


| of supply voltage, aging temperature changes,etc, 
2 























b An analysis shows that the advantage gained by the 
described circuit in this respect, in comparison with ordi- 


Fig. 3, nary multivibrator circuits using junction triodes with 
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“negative” bases in which the steepness at the moment of unblocking of the transistors is at a maximum, reaches a 
value of 1.7 to 2 times. The most advantageous regime in a multivibrator is obtained when T/r = 1; this can be 
accomplished by variation of the ratio r, /T¢. 


In Fig. 3a are shown experimentally obtained relationships between the supply battery voltage U}, and the fre- 
quency variation percentage in a multiphase multivibrator using type P14 transistors. Curve 1 corresponds to a high 
ration of fe/t¢ = 0,35; curve 2 was taken at a ratio of r./r,, = 0.3 when the frequency reached a minimum (rt), = 82T; 
fo = 20T; re = 6T); and curve 3 corresponds to a regime of dc currents in the base to emitter connection, The experi- 
mental results show that maximum stability is obtained when T = T,,,,,, and that atE. =— 15v the frecuency varies 
not more than 0,3 to 0.7% when the supply voltage changes by + 10%, 


The highest percentage variation of frequency 5f (obtained with various parameters in the multivibrator cir- 
cuit when stable conditions of excitation are maintained) did not exceed 2 to 3% for supply voltage variations of + 10%, 


Experimental data for multivibrator circuits using vacuum tubes have shown that their instability is less than 
+ 0.2% for + 10% changes in plate and filament voltage. 


All data from experiments on transistor and vacuum tube multivibrators are collected in the following table ; 
the data for vacuum tube multivibrators are taken from various publications [4 to 6}. Included are also some data on 
known single phase multivibrators. 








Error caused by 
Error from 
Type of multivibrator + 10% variation + 10% var. 
in anode voltage, : 
of fil. v., % 
%o 
Semiconductor multivibrator [6] + (3 to 4) 
Multiphase semiconductor multivibrator 
(maximum stray) + (2 to 3) 
Multiphase semiconductor multivibrator 
at T® Tmax 4 (0.2 to 1.5) 
Selfexcited vacuum tube multivibrator 
with zero grid bias [4,5] + (1 to 3) + (0.5 to 1,0) 
Vacuum tube multivibrator with 
“positive” grid [4] + (0,2 to 0,5) +*(0.2 to 0,5) 
Vacuum tube multivibrator with 
cathode coupling [4] + (0.2 to 0,3) 
Multiphase multivibrators using vacuum 
tubes (maximum stray) + (0,4 to 1,5) + (0.4 to 1,0) 
Multiphase multivibrators using vacuum 
tubes with T * Tinax + (0.1 to 0,3) + (0.06 to 0,2) 

















The table shows that the multiphase semiconductor and vacuum tube multivibrators are about 2 to 3 times more 
stable than known two phase multivibrators. 


Among the most sensitive characteristics of semiconductor circuits of this type is the temperature dependence 
of the duration of the generated pulses. When the multivibrator parameters are chosento provide optimum conditions 
with respect to. constancy of operation; specifically, when T* T,,,,,, the errors in frequency of pulse sequence, and 
consequently also theerrors in pulse durations, reach about 10% when the temperature is changed from 15° to 55° C 
(Fig. 3b, curve 1). 


Obviously, this can not always satisfy requirements of practical applications; therefore, attempts were made to 
substantially improve the temperature characteristics of multivibrators. 


A positive result in this respect was obtained by introduction of a tuned circuit in the common emitter line. 
Curve 2 on Fig. 3b was taken with a multivibrator having all the same parameters as those in the multivibrator 
used for curve 1, except that in the common emitter line a tuned circuit was added with a resonance frequency close 
to the average frequency of the sawtooth voltage pulses in the temperature range between — 20° and + 55°C. The 


1002 











instability (range of fluctuations) of sequence frequency of the multivibrator in the temperature range between 15° 
and 55°C was changed by this device 3 to 5 times. With different parameters of the multiphase multivibrator circuit 
which do not provide optimum conditions, the presence of the tuned circuit also increases the frequency stability 
with respect to effects of temperature, but only up to about 40°C (curve 3 on Fig. 3b). If such a stabilization would 
have to be carried out for an ordinary multivibrator circuit of n stages, there would have to be used n such tuned cir- 
cuits. 


Introduction of reactive elements into the common channel and into the individual stages will make it possible 
to shape various functions at the moments of generation of the pulses in the individual stages, and to obtain sequences 
of functional curves shifted in time or space. 


Thus, a multiphase multivibrator can be used successfully not only when it is made up with vacuum tubes, but 
also when it uses transistors, 


Considering the possibilities offered by the described distributors, it is not difficult to visualize a number of 
applications where they can be used to advantage, such as in commutators on the sending and receiving stations of 
multichannel te lemetering systems [7], in input units of coding devices [8], as start-stop devices [8], in fast acting 
distributors of digital and pulse coding distant control systems [8,9], and also in all other pulse devices where sequences 
of pulses are required which are shifted in time by intervals of specified durations. 
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V. I. Pampuro (Kiev) 
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pp 1123-1132, August, 1961 

Original article submitted July 28, 1960 


The paper studies the stability of aperiodic amplifiers over a small time interval (6 to 8 hours) during 
which the variation of the element parameter in the circuit is much smaller in absolute magnitude 
than the modulus of the parameter. The concept of the instability coefficient is introduced; this 
coefficient is determined for a number of practical circuits. The boundary tests are also studied. 


In this paper we study the stability of single-stage aperiodic amplifiers [1]. The stability of the parameters is 


studied over a small time interval (6 to 8 hours); this has meaning for instumentation amplifiers which are calibrated 


before each set of measurements. For this limitation the modulus of the increment in the element parameters of the 
circuits is much smaller than the modulus for the nominal parameter of the circuit element. 


An analysis of the stability of the circuit parameters when the element parameters vary is performed according 
to the Polivanov formula generalized by Sigorskii [2]. For example, the gain of an amplifier which is represented as 
a fourpole with a short-circuited side having an input terminal a and an output terminal b can be written as 


K ile Aap (1) 





where Aah and Aagg are the algebraic additions to the principal determinant A of the admittance matix. Its incre- 
ment [2] is 


SK a 4 anSaa 7 AcaSab (2) 


Naa (Aaa + Ava) 





where Aab and A°g, are the increments of the corresponding determinants when the element parameters are varied 
(cf. Appendix Il), Since the absolute magnitude of the variation of the element parameters is much less than the 
parameter modulus Aga * Aga, it follows that 


bA a ce tek KA, (3) 


Naa 

The amplifier stage under study does not include the output admittance Yq, of the input generator; i.e., the 
gain K determines the ratio between the voltage Up at the output and the voltage U, at the input. For the majority 
of circuits analyzed in this paper this leads to a situation where the internal feedback through the interelectrode 
capacitances is not taken into account. Therefore, it is necessary to define the gain Kg as the ratio between the 
voltage at the output of the circuit and the generator emf. The gain Kg can be written expediently if we express it 
in terms of the amplifier input admittance Yj, , the admittance Yy, and the gainK : 


Y 
poe ey 
Yy + Pk (4) 


Bg ee 
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From the formula cited above it is evident that the gain Ke consists of two parts: the first ¥,/ (Yo+¥in ) 
is the variable part which depends on the generator connected to the input of the circuit ( the internal admittance 
of the generator differs for each specific case); the second part is the coefficient K which is constant for the specified 
circuit, It is evident that we can treat the coefficient K for a specified circuit as a quantity that will apply in all 
cases; the first portion is analyzed separately in each case. Moreover, the input admittance Y,, can be expressed 
in terms of the coefficient K , and thus its variation can be estimated in terms of the increment in the coefficient 
K, 


The increment of the coefficient 5K can be determined by neglecting quantities of second order. 


The stabilizing qualities of the circuit are determined in terms of the instability coefficient H,which shall be 
assumed to denote the ratio between the relative variation of the circuit parameter for variation of the element 
parameters and the souare root of the quotient obtained by dividing the sum of the scuares of the relative parameter 
variations X; by the number of elements n . For example, the instability coefficient with respect to the modulus K 
of the gain is 


HK = mis 


/ 4 7 
VY a DY) O%1/ 20" 


i=1 








(5) 


A numerical determination of the relative variation of a circuit parameter depends on whether or not the ele- 
ment parameters are statistically interrelated. For example, in determining the over-all increment in the transcon- 
ductance ofa two-tube circuit it is possible to assume that the variations are statistically interrelated if we investi- 
gate the effect of the voltage of a common supply source; we can assume that they are not statistically interrelated 
if we investigate the effect of aging or other factors which are difficult to consider exactly. 


As we shall demonstrate below, the approximate expression for the gain 6K» can be expressed in terms of two 
increments of element parameters that in the general case are not satistically interrelated. A determination of the 
instability coefficient according to formula (5) leads to an appreciable error, Therefore,we shall determine the max- 
imum possible error; i.e., we shall determine the maximum instability coefficient with respect to modulus in accord- 
ance with the formula 


[sme 

| Ko (6) 
6X; 6X, |’ 

| + |= 





HK nex =2 


where Ko is the gain at intermediate frequencies. 
Cases of statistically interrelated parameters shall be studied separately in analyzing each circuit. 


The analysis of the circuits is achieved by the method of node voltages [2]. The results of this analysis are 
cited in the table. 


The complete expression for the increment in the coefficient 6K for variation of element parameters takes 
into account the variation of both the resistive and the reactive elements, The parameters of the reactive elements 
and of certain of the resistive elements (for example, the admittance of the grid circuit) affect the gain basically 
at the boundaries of the frequency response. Therefore,in a first approximation their variation can be neglected, 
and this makes it possible for us to obtain a simplified expression for the gain at intermediate frecuencies. 


In those cases when a triode is used,we use the substitution 6S = 45 Gj in deriving the approximate expressions 
for the coefficient 5 Ky ; here S is the transconductance of the tube, y is the amplification factor, and G; is the 
internal conductance of the tube, Here it is assumed that the amplification factor is constant with time when the ex- 
ternal conditions change. The constant nature of the coefficient p is explained on the basis of the fact that during a 
small time interval the coefficient p will be affected only by a variation in the external conditions; this variation 
consists of a variation of the supply voltages, and it is known that the coefficient p remains constant when this varia- 
tion is small [3]. 
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Circuit Fig. 1 Fig. 4 
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” 6S 8G, 
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: Ka liile Ge 
iS °C 
2 
a for  G,=3G, 
= 5 0,5 for G, = 3G, 
< 0,5 
a* 
> ¥:+¥s(1—k) ¥2+Y¥s(i— Xk) 











The first column in the table shows the results of analyzing circuits with a commoncathode(Fig, 1), From the 
expression for the increment 6 Ky it follows that its magnitude decreases as the plate conductance G, decreases (for 
a triode). This can be explained on the basis of the fact that when the conductance Gy, decreases the coefficient 
Ko tends toward p and is practically independent of variations in the magnitude of the conductance Gj when the 
condition G, « G; holds, However, it is difficult to insure the fulfillment of such a condition, since it requires 
a high-voltage supply source. For example, in order to insure a coefficient of instability with respect to modulus 
equal to 2% it is necessary to satisfy the condition G; = 99 G4; here the supply source must produce a voltage 100 
Gg is three to four times smaller than the conductance 
G; (for a triode), The pentode circuit operates in a constant current mode ( Gj « Gy,) and is more sensitive to a 
variation of the parameters of the circuit elements (the tube parameters). Therefore,in practical circuits the stability 


times the plate voltage. Usually the plate load conductance 


of a pentode circuit is three to four times lower than that of a triode. 
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Circuit Fig. 3 Fig. 2 
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The modulus instability coefficient for a pentode circuit is equal to unity. This means that a variation in the 


transconductance S or the conductance G, leads to a variation in the coefficient K,which is. the same percentage -wise 


An analysis of the cascode circuit with a plate resistor (Fig. 2) leads to the same results as the analysis of a 
pentode circuit with a common cathode, This can be explained on the basis of the fact that the parameters - the 
equivalent transconductance Se and Gje~are given by the relationships” 


1+ G+ 5, 





Ss = 8, G, 


5, +6, 





os, =(1-a Fate Gu 
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Circuit Fig. 5 Fig. 6 
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Fig. 1, Fig. 2. Fig. 3. 


and are close to the pentode parameters (here S,, Gi; and S,, Gj, are the transconductance and conductance of the 
lower and upper tubes, respectively). 

For resistive coupling of the grid of the upper tube T, to the cathode through a rheostat divider the plate voltage 
of the lower tube T, on which the gain depends is stabilized due to the effect of the current feedback introduced by 
the upper tube T,. This factor and the absence of a screen grid lead to a situation where the cascode Circuit is more 
stable than a pentode circuit with a common cathode. 


The cathode follower circuit (Fig. 3) has a high stability. The stability of the circuit increases as the gain 
approaches unity. In the general case the stability of a cathode follower is determined by the voltage transmission 
over the feedback loop. A pentode circuit produces the maximum voltage transmission over the feedback loop. 
However, the transfer coefficient over the feedback loop cannot be increased without limit, since for a capacitive 
load the circuit can be excited [4]. The results cited in the table for a cathode follower are valid when its input 

circuit; the voltage from the output of the circuit is divided between the admittances Yg and Yin; under these condi- 


tions the amount of feedback is reduced and the stability drops. 
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Fig. 4, Fig. 5, Fig. 6. 


Figure 4 shows a circuit with a common grid. For an increment of the coefficient 65 Kg in this circuit, we 
arrive at the same conclusions as those which apply to a circuit with a common cathode. The stabilizing effect of 
the current feedback can be taken into account in the coefficient Kg. 


The cascode circuit with an input transformer (Fig. 5) [5] was analyzed without taking the transformer ratio 
into account, The computing formulas are cited in the table, The high stability of the circuit is explained by its 
balancing properties: when the supply voltage varies the variations of the circuit-element parameters are statis- 
tically interrelated. For small variations of the supply voltage the amplification factor y remains constant, and the 
variations of the internal admittances of the tube are approximately equal in magnitude and sign; this leads to high 
stability for the circuit. 


The pronounced balancing properties of the circuit lead to high stability for statistically non-interrelated 
element parameters as well, 


A circuit with a tube in the plate circuit (Fig. 6) also has pronounced balancing properties. If the parameters 
of the circuit elements are not statistically interrelated, then the specified circuit is formally equivalent to a cir- 
cuit with a common cathode. However, it may insure a small equivalent admittance in the plate of the first tube 
as compared to the admittance of the tube T, (for this purpose we connect the admittance Yg) for a relatively small 
source-voltage supply; therefore,it has advantages over the circuit shown in Fig. 1, A shortcoming of the circuit is 
its high sensitivity to phase shifts between the current and the output voltage; this leads to a deterioration of the 
stabilizing properties of the circuit, and the frequency increases. 


The analysis which we have made of circuit stability does not take into account the effect of the admittance 
Yg- Usually it is through this admittance that paralle] negative feedback is achieved due to parasitic capacitance 
between the output and input (for the circuits shown in Figs. 1,4,6); this feedback increases the input admittance of 
the circuit and therefore raises the instability associated with the variation in input admittance, The methods for 
reducing the input admittance consist of reducing the parasitic admittance between the output and the input (for a 
pentode), or of reducing the voltage transfer coefficient at the point at which the admittance is connected (parasitic 
capacitance), The latter occurs in a cascode circuit where an effort is made to reduce the coefficient K,,; to a min- 
imum (i.e., to reduce the coefficient for voltage transfer from node 2 to node 3 to a minimum). 


The cathode follower has a very low input admittance and is usually employed as an impedance transformer. 
However, it should be said that this property of a cathode follower loses its value when the generator mee * 
is comparable to the input admittance; here the amount of feedback depends on the stability of the admittance 
the stability of the cathode follower drops. 


Thus, the cathode follower circuit, the pentode common-cathode circuit,and the cascode circuit are character- 
ized by the lowest sensitivity to a variation in the admittance Yg . 


The verification of the circuit stability is associated with boundary tests [6] which presuppose determination 
of stability for specified variations of the element parameters. One of the simplest methods for varying the element 
parameters is the variation of the supply voltages; in particular, it is most convenient to vary the heater voltage. The 
boundary tests include variation of the stability of the circuit parameters, which is related to the tolerances of the 
components. Since the expression for the instability coefficient consists of the relative magnitudes of the element- 
parameter variations, it follows that the expression for the coefficient also takes into account the parameter spread 
due to tolerances or other factors that cause a variation in the element parameters. The variation of the instability 
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coefficient due to aging of the parts is determined by boundary tests which can expediently be combined with the 
calibration process. For a quantitative determination of the relationship between the instability coefficient and the 
element-parameter variation Fig. 7 shows the dependence of the transconductance S and the conductivity Gj on the 





So 


U G 
variation of the heater voltage U};( the curves a. = (72) and aa = AG 
io 


Uy . . P 
coincide, since p = 
HO 


Ss U 
const,) The number 1 denotes the curve = } (72) for a “6N1P" tube; the number 2 denotes the corres- 


ponding curve for a "6N2P” tube, and the number 3 denotes the corresponding curve for a "6N14P" tube. 


In practice the verification of the stability of single-stage aperiodic vacuum tube amplifiers was performed 
using the circuit shown in Fig. 8. The circuit consists of a phase shifter 1, a subtracting circuit 2, an investigated 
amplifier 3, and a vacuum voltmeter 4, The signal from the generator is applied at the points a, b; point c is con- 
nected to points a or b, depending on the number of amplifier stages. Having chosen the voltage at the amplifier 
input and the generator frequency, we balance the subtractingcircuit for a minimum voltmeter reading (the circuit 
permits us to obtain a subtraction error no greater than 0.5% for an input voltage(1b)to the subtracting circuit). 
Having changed the heater voltage of the amplifier, we shall determine the voltmeter voltage 4; the ratio between 
the voltage which we obtain and the input voltage (1b) determines the relative variation of the gain for the amplifier 
3, The experimental and computed (tabulated) data are in good agreement. 


In this paper we have analyzed voltage amplifiers, and therefore the load of the amplifier output is not taken 
into account 
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APPENDIX I 


Our analysis of the stability of the amplifiers will be incomplete if we do not take into account the instability 
with respect to the phase of the gain K = — Ke ” | The phase of the angle ¢ for aperiodic amplifiers can be deter- 
mined in terms of the frequency distortion coefficient M [7] 


tgg = VM? — i. 
In the high-frequency rangewrMt = Vi+ ott: Then 


tgy, = WT. 


Here rT, is a time constant which is equal to the product of the normalized resistance and capacitance Ry Cy 
which are determined from the denominator of the coefficient K (cf, Table) for each circuit. 


For low frequency distortion the phase angle is equal to 
r= We Tr= WeReCee 


whence the maximum phase instability coefficient is 





| 
? 
e me" 
H® max =” oR, =| 
Ry * C, 





An analysis at low frequencies leads to an analogous result. The phase instability coefficient for the analyzed 
aperiodic stages is identical. 


APPENDIX II 


Assume A is the determinant for the admittance matrix before variation of the parameters 


@it @12... Gin 
a 221 422... » Ayn (11.1) 
@ny *ne ann! 


Since the subscripts of an element in the determimant correspond to the numbers of the row and column whose 
intersection determines the position of the element, it follows that henceforth we shall introduce a coordinate dotted 
grid which eliminates the subscripts. Here in the general case the elements of different coordinate rows or columns 
are not equal to one another: 


ea 
e & WwW 
8 


(11.2) 
nia @ a 
In view of the variation of the parameters of the determinant elements the determinant changes its value. 


Each element will consist of the quantity a and an increment b: 


1 2 ee vee, 
4{ja+bat+b...at+b 


A’=2)a+bat+b...a+b6}. 
(11.3) 


nia+ba+b...a+b 
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The theorem for expanding the determinant into a sum of the determinants A“ of the same order. A deter- 





minant A* of n-th order,in which each element represents the sum of several terms a and b, can be expanded into 
a sum of determinants of the same order. 


A’ =Ar A’, (11.4) 
where the determinant A° is equal to 
n=l 
A? = >) Pini) Say dni * (11.5) 
i=0 


Aaj bp -, are n-th order determinants which are obtained by transposing the terms in the elements a and be for the 
case where the elements a and b repeat i and (n-i) times, respectively.Pin-,) Sajbn-} denotes the sum of the deter- 
minants (after the tranpositions have been made) for the condition i = const. The number of determinants which 

nl 


enter into that sum is equal to TTT 
i! (n —i)! 


. The over-all number of determinants (5) is computed from the 


formula: 


n-1 
n! 
liens 2 il(m—ipl’ (11.6) 
=0 


where in the case i = 0 we assume T = 1 (under these conditions the determinant consists exclusively of b-terms). 
For example, for a third order determinant T = 7; the determinant 
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» ijabdb ilbab ilbba ijlaab ijlaba 
A°=olanb|t2\bab|t2\bbalt2\aablt2laba 
3iabb 3\ibab 3\ibba 3iaab 3iaba 
123 123 
ilbaa ijbobb 
2\baa|t2\bbb 
3 ibaa 31/666 











We shall assume that the term b is an increment of the element a or a complex component of it, or any other 
component which it is desirable to isolate. 
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PNEUMATIC INTEGRATOR WITH APERIODIC UNIT THROTTLE 
IN LOW PRESSURE AREA 


Ch'i Ju-hsien (Moscow) 


Translated from Avtomatika i Telemekhanika, Vol. 22, No. 8, 
pp. 1133-1138, August,1961 
Original article submitted March 30, 1961 


A pneumatic integrator with an aperiodic throttle in a low pressure area is described. Results of the 
experimental investigation of the integrator model are given. The most important factors influencing 
integrator accuracy are discussed. 


Although we have an extensive, uniform system of nomenclature for pneumatic aggregates it does not include 
such an important device as the integrator. This omission is not accidental. It is due to the fact that when operating 
at working pressures of 0 - 1 atmospheric units the output characterisitics of the throttle are not linear. As a result 
of this we cannot obtain a purely aperiodic unit when using a dead chamber, and therefore we cannot build an accu- 
rate integrator. This is confirmed, for example, when we study the operation of the integrator built on the basis of 
the regulating block AUS 4RB-32A. This integrator is very inaccurate (the results contain large errors). 


However at low pressures the characteristics are linear. This enabled Ferner (1), for example, to build an ex- 
tremely accurate integrator which operated over the low pressure range (0 - 100 mm,water pressure), However, at 
present the overwhelming majority of industrial pneumatic devices operate at normal pressures. Therefore, only very 
limited application can be made of an integrator operating at low pressures. 


Therefore ,we carried on research in the Pneumohydraulic Automation Laboratory of the IAT AN SSSR devoted 
to the possibility of building an accurate integrator which would operate at normal pressures. We were able to do this 
by artificial operation of the aperiodic throttle at low pressures (0 - 200 mm water pressure). 


Analysis of the Integrator 








The integrator circuit is shown in Fig, 1. Its basic elements consist of: the adder I, pressure reducer Il (a 
pressure divider having a coefficient of amplification of 1/ K), an amplifier Ill having a coefficient of amplification 
of unity, aperiodic unit 1V,and the pressure amplifier V having a coefficient of amplification k. 


Py 


P 
An out 


















































Fig. 1. Block diagram and schematic circuit of integrator. 


The adder I consists of a standard block summing relay, a pneumatic aggregate system of the type BC-34A. 
There are three chambers in the block: two add with a plus sign and one with a minus sign. An input signal Pj, 
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(Fig. 1) enters the lower plus chamber of the adder, a positive feedback signal P.,; enters the upper plus chamber; 
Pout is obtained after passing through the amplifier; a pressure Py) which corresponds to the zero level is applied to 
the minus chamber. 


The pressure reducer Il represents a pneumatic flow-through chamber. At the output of the chamberthere is a 
constant throttle CT, which limits the air input to the chamber; at the output there is a regulating throttle RT, which 
limits the air output to the atmosphere. Experimental studies show that for achoice of constant and regulating throttles 
we can obtain a practically linear dependence of the pressure inside the chamber P}, upon the pressure P, in front of 
the constant throttle for k = 50 - 100, The constant throttle consists of a capillary 0.18 in diameter and 30 mm long, 
and the regulating throttle is in the form “cone-cone” with a conical angle of 4°, As a result of the small volume 
of the inter-throttle chamber the pressure reducer acts sufficiently rapidly. 


Amplifier Il, which has a wansfer function W, (s)=1 is in the formofa follower or a “detecting” chamber, It 
operates under low pressure conditions; its membrane is made of a thin elastic. It serves as a separator or aivider 
between the divider II and the aperiodic unit IV. 


The aperiodic unit is a direct connection between the regulating throttle (pneumatic resistance) and the dead 
pneumatic chamber. A standard regulating throttle such as is found in the regulating AUS blocks for setting the 
isodrome time, is used to measure the time constant T; of the aperiodic unit IV. 


The last unit of the integrator V increases the 

pressure (it is an amplifier). Its construction, Fig. 2, is 

p, f ! based upon the operational amplifier [2]. The unit is 
iii 8 3 5 meant to raise the low pressure of the aperiodic unit 


J ~~. (0 - 200 mm water) to normal pressure (0 - 1 atm,), This 
7 ——_——— 
? =< = 




















unit (pressure booster) consists of a pneumatic amplifier 
6 2 = © with a coefficient of amplification ky = 50 - 100, It con- 
aT a CT; sists of a body 1 containing a nozzle 2 and a membrane 
: out block with two identical thin membranes 3, whose stiff 
centers are connected by Il-shapedbracket 4 which acts 
as a slide (or shutter) for the nozzle, The pneumatic 
amplifier also contains a constant ejecting throttle 5, 
The membrane block forms three chambers 6, 7,and 8 inside the body 8, Chamber 8 is a dead chamber and chamber 
6 is a pass-through chamber. The pass-through chamber 6 has a constant throttle CT; at its input and a regulating 
throttle RT, at its output. These throttles are identical to the corresponding throttles in the pressure reducer II (Fig. 1). 
When a pressure P, is applied to chamber 8 the pressure in chamber 6 is Pg. The ejecting throttle 5 is applied to the 
input valve, with a pressure P>..4 = 1.4 atm, and to the nozzle 2, The output pressure is built up in the inter-nozzle 
chamber of the ejector. It is also the output pressure of the integrator, Obviously Poyt = Ps... when the shutter 
(or slide) completely covers the nozzle, and Poy; = 0 atm when the slide does not cover the nozzle at all. The latter 
condition is associated with the use of an ejecting,rather than the customary constant, throttle in the pressure booster. 














Fig. 2. 


The method of operation that has been developed for this integrator insures the independence of the working 
pneumatic capacity (volume) of the aperiodic unit from the communicating volume (capacity) and it also permits 
us to compensate for the small air losses. Complete hermetic sealing becomes necessary only in the part of the cir- 
cuit extending from the regulating throttle of the aperiodic unit to the pressure booster. 


We willnow introduce the following designations: P.,,,, = integrator output pressure, Pp = null pressure, Pip = 
integrator input pressure, Pa = adder output pressure, P}, = pressure at the output of the aperiodic unit, Py = pressure 
in the lower chamber of the pressure booster, P, = pressure in the upper chamber of the pressure booster, ky = coef- 
ficient of amplification of the pressure reducer,k,= coefficient of amplification of the pressure booster and T; = time 
constant of the aperiodic unit. We will assume that the pressure reducer and the pressure booster are purely ampli- 
fying units, that they have linear characteristics,and that P, = Pg. The equation describing the changes in the inte- 
grator output pressure may be written in the form 


T; 4Pout 


(a) 
fb Sout (5 hy) Pus = hi (Pig — Py)- 
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For 1/ ky = ky = k, equation (1) becomes 


which is the equation of the integrator. 


It has the solution 


dP. 


T; —SUt = (Pin — Py. (2) 


t 
i 
Pour = 7 \ (Pin — Py) at: 


0 


The transfer function of the integrator has the form 


WwW (s) _ Tr 


i.e., the integrator has the transfer function of an ideal integrating unit. 


Pout, kg em? 


Experimental investigations carried out using a model of the 
integrator enabled us to determine the linearity of the integrator 
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characteristics and also the band of operating frequencies of the 


aan device. 
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First of all studies were made of the integrator linearity, The 
linearity criterion [3] was the eouality of the time constants T; for 
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various types of unit steps (jumps). As examples, we present the 
curves of the integrator acceleration for various excitations 0,045, 
0.07, 0.098,and 0.116 atm. The values of the excitation for various 








integrator time constants are given in the table. 





We see that the values of the time constants do not differ by 





a 


8 4 


Fig. 3 


16 


zotmin more than 0.5 - 1.0%; therefore, we can consider the integrator a 
linear integrator, 


In order to determine the band of operating frequencies of 


the integrator we obtained experimental frequency characteristics and compared them with the characteristics 
computed from the tansfer function W (s) = 1/ Tj s. 


The experimental frequency characteristics were taken over a frequency range of 0.07 - 6.8 rad/sec for an 


input signal of 0.12 kg/cm". A pneumatic sine-detector was used in obtaining the frequency characteristics. 


An example of the amplitude and phase char- 




















No. of curve Excitation Time constant acteristics is given in Fig. 4, The circles indicate 
in Fig. 3 Pin (atm) T; (sec) experimental data while the crosses indicate the cal- 
culated values. 
1 0,045 83.4 
2 0,070 83.5 Comparison of the experimental and the cal- 
3 0.098 83.4 culated frequency characteristics shows that the ex- 
4 0.116 84.8 perimental frequency characteristics give a sufficient- 








ly accurate approximation of the calculated charac- 
teristic for various values of T;. However,the band 


of working frequencies decreases as the time constant T; increases. We see from Fig. 4 that for the frequency region 
0.07 - 5.5 rad/sec the experimental and calculated results coincide. With a further increase in frequency the ex- 
perimental characteristics deviate from the calculated characteristics. 
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Ricoh Pin Comparison of the experimental frequency char- 


acteristics with the calculated characteristics shows 
that in the frequency range of 0 - 6,3 rad/sec the 





Jj 7 
| equation of motion of the integrator obeys the linear 
differential equation (2), When we increase the fre- 
2 quency further an error appears. An error analysis was 








made in an effort to try to discover the basic reason for 
the deviation of the dynamic characteristics of the rea] 
integrator from the characteristics of the ideal integra- 


\ 
om tor. 


















































p Pa ao, is ———— We made the assumption that the greater part of 
2 J 4 5 w,rad/sec the error appearing in the integrator operation was due 

“0 to the amplifier (pressure booster) since actually P¢ is 

not equal to Py (the characteristics of the operational 

~60 |. amplifier are not purely relay characteristics). Also 

the volume of chamber 6 (Fig. 2) affects the operation 

-90 xo as i = of the integrator. Because of the large volume of this 
| | 3 & chamber the pressure booster is not a purely amplify- 
ing unit. Therefore,we must take into account its time 

Fig. 4. constant Tg. 


The transfer function of the actual integrator whicli takes into account the booster in the aperiodic unit by means 
of the equation Tg dPg/dt + Pg = 1/ ks Pout and the static characteristic of the operational amplifier Pout =kg(Po~Py) 
where Tg is the time constant of chamber 6, kg is the coefficient of amplification, and Kp is the coefficient of pro- 
portionality, has the form 





















































Ww k Ts+1 
u (8),= ky ka T aT ,s* + (0 q+ Ty + koko! , — hakoT g) 8 +1 

Using the transfer function Wy (s) we ob- 
ba tained the frequency characteristics. Comparing 
rc. m these characteristics with those calculated using 
5 the functions W 6) we plotted the graphs (Fig. 5) 
- | == showing the dependence of the error in amplitude 

5A and the phase error 5g upon the frequency. 











The crosses indicate the calculated points and 
the circles the experimental values. Therefore, 
we can consider that the presence of a finite 
volume in chamber 6 and the deviations of the 
operational amplifier from the relay character- 
istics result in the deviation of the dynamic 
characteristics of the actual integrator from the 
ideal integrator. 





Fig. 5. Graphs showing the amplitude and phase errors as 
functions of frequency, 


Therefore,we increase the frequency range of the integrator by decreasing the volume of chamber 6 and by im- 
proving the static characteristics of the amplifying unit. 


CONCLUSION 





Experimental tests of the pneumatic integrator with an aperiodic unit throttle in the low pressure area have led 
to the following conclusions. 


1, The aperiodic unit throttle in the low-pressure area has enabled us to obtain integrator characteristics which 
possess good linearity. 
2. The integrator allows a sufficiently large integration time. 


3, The integrator operates over a sufficiently wide frequency range,and we can recommend its use in the auto- 
matization of industrial units. 
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A. A. ANDRONOV 


(ON THE 60TH ANNIVERSARY OF HIS BIRTHDAY) 


Translated from Avtomatika i Telemekhanika, Vol. 22, No. 8, 
pp 1139-1142, August, 1961 


Sometimes situations arise in the history of applied science and tech- 
nology where the solution of the more realistic and pressing problems is 
retarded due to the seeming absence of adequate mathematical apparatus, 
However,it often turns out that the required mathematica] methods have 
already been discovered but have been put away and forgotten. The un- 
covering of previously developed mathematical apparatus that enables 
scientists to solve important problems in physics and technology is a dis- 
covery of the first magnitude. 


This, for example, was the situation which existed in the first half of 
the nineteenth century when B, Thompson (Lord Kelvin),having solved the 
problem of the propagation of electromagnetic oscillations,discovered the 
known but not previously usedtechnique of Fourier series and thus laid the 
basis for the solution of many of the most important discoveries in electron- 
ics, radio,and oscillation theory. 


A situation of this sort existed in science and technology at the end 
of the 1920's, With the invention of the electron tube, progress in radio and 
tadiophysics was retarded by the absence of mathematical techniques that would have enabled scientists to describe 
and analyze the generation of oscillations in nonlinear systems. Primitive efforts to create a quasi-linear theory for 
vacuum tube generators satisfied neither the engineers nor the physicists and it seemed that there were no accurate 
methods for solving the nonlinear problems that arose because of the absence of existing methods for integrating non- 
linear differential equations. On the other hand the well known mathematical work of Poincaré on the qualitative 
theory of differential equations and of Lyapunov on general stability theory could not be applied directly; they seemed 
to be digressive investigations which were of importance only in the general aspects of the development of mathemati- 
cal theory. 





A. A, Andronov was the first to understand the adequacy of Poincare's qualitative theory of differential equations 
andLyapunov's work on the stability of motion of nonlinear oscillations, A. A. Andronov was then an aspirant at the 
University of Moscow, He was the first to indicate the adequacy of Poincaré 's theory of limiting cycles to the solu- 
tion of problems involving vacuum tube oscillators and the stability theory of Liapunov to problems involving the sta- 
bility of generated oscillations. A. A, Andronov understood that the oscillations generated in nonlinear systems were 
@ special class of oscillations and he proposed the term “self-oscillation” which was later used in science throughout 
the world, 


A, A, Andronov's scientific efforts were then devoted to the study of self-oscillations and associated phenomena. 


A, A,Andronov was the student and close co-worker of the famous Russian physicist, Academician L, I, 
Mandel'shtam and many of his students and co-workers, However,A, A, Andronov occupies a special and original 
place in the L. I, Mandel'shtam school. A large part of the work of the other scientists of this school was devoted to 
the discovery of new oscillatory phenomena by means of various parameter variations and the development of these 
methods, but A. A. Andronov devoted himself almost entirely to the study of the phenomena of self-oscillation by 
means of the qualitative methods of the theory of differential equations and the precise methods which are necessary 
in the development of the method of approximation (and summation). 
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A characteristic of A, A. Andronov's work was his ability in separating the many difficult problems which 
arose into particular abstract, narrow mathematical Classes. These problems which were extremely important from 
the technical point of view could now be solved. 


A typical example of the above type of problem were the class of dynamic systems which A, A, Andronov and 
L. S. Pontryagin called “coarse” systems, It turned out that practically all technical problems involved this type of 
problem and therefore by separating out this class of problem it was possible to cross off a large number of problems 
which were mathematically very difficult. 


A. A. Andronov and A. A, Witte together developed the self-oscillatory theory of multivibrators. This laid the 
foundation for a series of works of the scientists of the Mandel'shtam school and for other investigations in the theory 
of discharge oscillations and a study of “discontinuity conditions”. 


Important discoveries were made by A. A. Andronov and A, A. Witte in the theory of the “capture” of the self- 
oscillation frequency by the perturbing force. 


A, A, Andronov did not limit himself to applying the mathematical theory,which he had discovered but which 
had previously been developed by others, to physical oscillations. He, together with other mathematicians working 
under his supervision, made significant contributions to the further development of the qualitative theory and in this 
the work of isolating the various classes of coarse systems played a decisive role. 


In 1937 the theories developed by A. A. Andronov, his friends and co-workers were so far advanced with respect 
to systems having one degree of freedom that it was possible to publish the results in the form of a monograph, The 
book written by A. A. Andronov, A. A, Witte,and S, E, Khaikin, “Oscillation Theory",* soon became not only the 
outstanding reference book, used by everyone engaged in the study of oscillations, but also helped direct young people 
who were preparing to engage in scientific work in this field. Translated into the English language it soon received 
world wide recognition and led to the publication not only in Russia but all over the world of a number of works 
which led to further contributions to the theory of oscillations in the direction indicated by A. A. Andronov, At the 
same time it became clear to Andronov himself that he should not limit himself to systems with one degree of free- 
dom. However,radio physics and radio engineering systems did not provide such convenient examples of systems with 
many degrees of freedom as they did of systems with one degree of freedom. A, A. Andronov came across 
Vishnegradov's classical problem which is associated with the theory of direct automatic regulation and which 
Zhukovski, Mises, Grdin,and many other leading scientists had previously tried to solve. A, A, Andronov understood 
that this problem might play the same roled in third order systems that the study of the vacuum tube generatory system 
played in second order systems. He devoted much time and effort to the solution of this classical problem in regu- 
lation theory, A. A. Andronov's and A, G, Maier's comprehensive solution of this problem serve, up to this time, 
as an example of the application of mathematics to the solution of concrete technical problems — it is precise, 
original,and bold in overcoming difficulties and still it is simple enough so that every engineer can understand the 
results. 


After solving this problem a significant part of A. A, Aidronov's work was devoted to the study of individual 
problems in the theory of automatic regulation which described or led to the investigation of low order systems. Even 
though each one of these problems was a realistic problem for that time, as far as the interests of science and of 
A. A, Andronov were concerned,these studies gradually led to the development of the mathematical apparatus re- 
quisite for a precise theory of nonlinear systems with several degrees of freedom. Here another discovery was made 
which was nearly equal in scientific value to that of the discovery made by Andronov when he was an aspirant 
(described above). Andronov and his co-workers found that the theory of pointwise transformations which up to that 
time had had no important technical applications was adequate for the solution of piecewise linear problems and 
permits us to convert the working engineering method— the method of successive approximations into a first class 
apparatus for scientific studies, In the hand of the A. A. Andronov school even during his lifetime the theory of point- 
wise transformation became, on the one hand,a tool that was used in investigation and with the aid of which a whole 
series of important scientific discoveries were made and, on the otherhand, a tool used in engineering investigation in 
those cases where the approximate methods were not adequate and it was necessary to obtain an exact solution of 
the problem. 


+ Through no fault of A. A, Andronov and S. E, Ehaikin, A. A. Witte was not listed in 1937 as one of the co-authors 
of the monograph, and it is known throughout the world as: “Oscillation Theory” by A, A, Andronov and S, E, Khaikin, 
However, when the second edition was published in 1960 A, A, Witte’s name was added to the list of authors, 
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The investigations of dynamic systems made by A. A. Andronov and his students of the dynamics of various 
different types of physical systems from a common viewpoint and also of the separation of the various classes of 
coarse systems naturally led A. A. Andronov to try to formulate a general theory of machine dynamics and in par- 
ticular to obtain a scientific formulation for the various machines, 


Time has shown that A. A, Andronov's unexpected death did not stop further work in the direction which he 
had indicated, His students and co-workerswho are grouped mainly in the city of Gorky — they are often called the 
Gorky school of oscillation and radiophysics -and also many coworkers and students of A. A. Andronov working in 
other cities and institutes are successfully continuing his investigations. 


A, A. Andronov was a deputy to the Upper Soviet of the USSR, a member of the Presidium of the Upper Soviet 
of the RSFSR, His relation to his duties as a deputy was exemplary. 


The students, friends,and all others who were fortunate enough to have known A. A. Andronov remember him 
not only as a remarkably fine scientist but also as a person of crystalline honesty and of high principles, as an active 
patriot as well as an outstanding worker and scientist. 
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